Perturbotion Theeo y_

So for, we hove develped o very ganerul
‘ﬁlne,ofj of whet constit wite S analadue
Ham.‘Li’m)an 55Mul,a.'bioﬂ, RBut tlr\efe 3enml
chovoctenr S‘aﬁ fonn  tlheorems Jo not tell Uy

how o cons‘i'r-p@‘é' New/ S'fmw/at yons, on@
what  mathe mal tcal orm ‘L'Lbcj winst take
and what 'omfer‘/-n\es they il hove if

we do construct one.

Or\e iv‘ﬂ[)ol“"fanb Vdj CM'L' fhe onb ong — Sege
To woals ,e,c,'t' Lre¢ ) to co "St rue t 3m'f€r€g‘f-)mj

Simunlations is via (r:'joroms) fe-r'tv—"/oa“l‘i’on
theonry .

T artusrbation theory, ernovol we
have F o strong and :y ue(Zk te?w

"W ooa Homiltovrvien, and we want

‘o J&P‘!Ve an Ovlop /o>, m‘i"‘On "‘p

what the [ow—ena«ay Po-rt of 2l
Hamilborian looks Like — the 'Ilou/’ﬁvﬂgj
efCective Hawmiltonion :

H :Aua + H», ) IIH1/I 4(A
Ho, = H

efs £4

Fn our Iav:juade H (A4, i,"'))“g:w‘v«dfes “eq:'



Note: wmight look wiore familior i
we wwtbe this asg

H): “o + &/-1'1
NH I = ) Hyl = OC1) € << 1.

De%’m.«j I i and feSCal!'y, 'HMg
) $ tt\e Sa nne tlf\q.\aj uf fo resca [s 491

- N
H’-z=H0+aH,

However, wore mat ural ( and
condtional ) o take 4 — o rabler~
£han -0 ' 7vantvwn ;infe.

“pp Lications.

I'F “o ’ H1 JD mot Co Mmu'f’e , ’J'e-f.p

can losk very different o &ither M
or V. So tlus Prov-?a\zs‘ a Mmeowns

of con Si’NC'L';mj non- trRrval slmulations :

Ce/rt'a?v\ "Jadde'b’?“ const'md'eo' IN iL,.'g
Waj Can be L«seo' +o e ‘7 . V‘CJ“CQ
R=body Homilterians +o 2-bedy, ov
c—kau\de the Symmebry grovp of dthe
local intemc‘b:ons, or Pu't the Jocal
3n{’mcf:‘ons on a 'almaw' dl‘a,olq, all
wlilst ﬁ;yorouaéy ens tring the entive
Physies (and Lence alse all properties



such as 'H'\e com'o(e,x,a‘b class — see lau)‘e,»)
of the av'i(g gl HM [tonrsamnm IS
app 105 v aFe 6 p reserved.

We will develof pw'f'wloa‘t'o'on tlwol:j
in  the Schaneffer — Wolpf Rrnra s =y
which s more  powerhl R better
Suited %o P N'Hm] Cull Simulatron than
+ext book for-rulations S'MOI" oS f’we
Fe‘jV\Mar\- ngon qhol‘bat/t\ . (Houev&h,
nosl of the app bcattons awnd Q-\ramfleg
N {—L\:g CONSZL cou’d also be ona | sed
via Fhe D yson wesolvent / self - eralg y
aPPraac,l« , ard il wort) leaming both!)

(For +this  sechkion of the conrse,

see [ BDL’1] which gives a wice,
self - cont ained o‘eve/cfm't' of this f‘cay
T 7Ww\t’um 7/\#0 Zanjuaj{.)



Schrmeftfer - Woled P&ri’uqu*l'-'ow t'lneavj_

G'enml l‘ded: O D v
%:%_@?’L.),, H,:(*- -
o0 |H>42 /) N,
H = AH, + H,
A
””1"<7

Find u=e, st=-st wut
block -J‘o’ogovlaln‘;es H:

. Heee ” H-

-S N
e He = ~
(o) “Jw\k 1"'4-

~X+1 o H,

Tl«ev'\ 'ow e/vw:’y effective HMNawnd(tonian is
M ege he ™l

Tuwuvrwns ouwt there i o M‘que such S :
called +he "Schreffer - Wolff™ transform.

Ex pvess e«s o5 Tadlc"" sevaes N powers
of H > /"'domus Pe/f"bwlod"’"\re exfdms;on
of “e-ﬁﬁ ’ w."H'\ ana@‘h’c conve«vence boM'\JS

etc.



D1 rect "Ot'of Ton
Pqir’ O'F 57"0\"'6;'
(>, 16> € H

Reflections 2:1'::: 1 -219X v

Z¢=: 1 -2 )¢ Xl

E as to CL&Ok Z¢ Z’y, Vo f'a'l’es HY
2 - dimensional fubsfo.ce Span IS, 1¢>)

bj MJI& 20 wlee O = CLos' {yl@>
3 avgle between 1) A ¥,

ct. (Grover a'goﬁ"“aw. :

Def.

Direct rototion U,‘r_’¢ = \)2¢ Z"f
wvhere V& defined with braach cwt
o\(ovj ~ R axis, JT = 1.

Wel aLe,C.wa as /ovy a$ Z-, Z'-\f has

"o e,igvals onn  branch cnt.



L(’,W\ r~QG

'1,’>' '¢> € H non —or'H’!UonaI: (1‘H¢>¢ 0.

Vla& chogse 31064«[ ,Dl«asc st <YIg) € R,.
Then

u..r_;P I'\r> — ’¢>

3
Since U,.,,_,ﬂ ol ates in 2diyn ;ub})pqce
R= span §) ¥, 2y R leaves R invoront

suflices +o  restmet 4 RE ¢t

\4/10\7 dszQ
45 = 115, 1#>=2 Sine 10> + GCs O 15,
where O0LH L X by aSsumrf'n'on.

2
Frowm Def:

2y= 0 2y = (032D 0 - 5in20 o,

it 26
Exercisei Show Z¢2? = el Ty

( s‘/‘fa,;?k[;\cvmrd caleuvlat ion)
OL 20< T > wvo e»’dvol on -R

r—-' y & O
- - ) 3 q *
= u""‘)¢ peung ?ﬁz? - e hn.?% a,e'Fmea’ .

EFxerise : Show “«r—w I1>=,;»';9107 +6s6 11>
( s‘f‘«"avl‘\{;ﬁamr({ calevlat ion) ]

)




Cowo“WNy_

"‘l’>' ,¢) & H mom-or‘t'l‘\"doo«al
P:= IlwXxXl, P:= (gX®P].

D irect- rotot ion
U = e’
Ys¢
where S is anti- Hermtian ( $+:-'S')
and satisfies
e PSP= P,SP, = (U-P)S (1-P)
~ (1-P,)S(¥~-P,) =0

e IIS) < %
Moreover this S is uno‘qu-el, defned .

Siwmlt'om-eous’j lg/ock off - do‘adovwl wvt.
1> end  Ig>:

o] A s 04 0 B | &>
S = B L=
Ao > -g'| o 1#5°

PF. FEazercise: stroghtfovord algobru.



f&?r of Subsface;
Subspaces P, P, <€ H ,

P P Prej ectors onto tlese

_Le,w»Ma

Ne-pll < 1
&
VI e P, ig>e R <rigdzo

PE.  Exercise
Reflect ions ZJ’ i 2P -1

Det.
Direct ro‘t'afior\ Fom f to \]‘).,

u.?-oJ?, - = \/ZJ% 2'.;
( JE as Le‘Fore)

Lemma

I P- P < 1.
M Lun, u&g de-ﬁmd bj M
0P Ut < P,




To prove This, we need o resuld

kenown in  the qgu antuwr  nfp. comwmun, ij
as JVodan's Lemma ( whn ch has wj/-'ad
wses ocrvss  weny  oreas of the Keld,

so ¢ well worth kn Owc'/lj ‘A its

oWn lw'jlnt,')

LQW\MQ (O—OVJOH/\)

Projectors P, P,

aJ U st U%M* =@ D; diggonal
UPUt = @P block-dicgonal

where each Dy, Piis 1x) or2x2

ravk D; € 1
roak P £ L,
1
;
UPOIA*: 1.
OO.
)
1
0
uput = R




_P_f, ( of direct rotation Lewmma)

Jordan 's L evwrm @

= P, P, hence also Z.PI'ZJ?,' uy“"Pa
r?mul%ameduﬂy block - o‘iaJoAall.Sa/o,e

Sufflseces Lo preve Lemma For P, Po
I1x1 or 2x2 wmoetnces.

151:
PP, <1 3 P=P=0o0orl = U=2
Lewwma  holds  Etrvially.

PR
ronk 1 =5 Po 1Y XY, Fos |¢Xg|
DPrl) <1 = <Y1 g> % o0

Tlhis s  ‘the s’deoiasl case oF Po«?r of
Sfa)l'e)', Wik we Q'readj rv"DveJ qéove-n

Coroll
u‘?_:;}’. = es , = "$+ sa‘/~is€7 ivy
o PSP = RBsp = (I-P)S(L-P)
=U-FR)s@-2) =0
Sa‘mul‘t’aneousb E/ock-dﬁf-dc'ajoaal wrt
PP £ R K
« JIsh < §

f’f—' A(p'y pa?r-'O'F"ST“"'es corol/ary to each block.




Effective Hamrltenion

Mote we will steate all vesults for
effective  Hawm/ [tontans on the

" lows -—%ij“ S'Mbsface ( t-e. ennzy;

be«’ow Jo e cunt ‘0#, whaich Cc o4

however be lorge). We will also vestrct
to +the case whesre the aner"f'urbea'
Homi Honijan  has enenyy =0 on thkas

wbspécei
N\

A - —_— -

— } He ¢4
O-

AH, H= AHN, + H,

However, the vwesults gerarslise
st ra .‘jl«‘t @rwo»rc//y +o vy Sfecfm/’j
Sefaroft' ed eigenspace

Y\

=l |l |
Il
"~
£



Def.
H = H_ @ ?-4,+
P_q: = oﬁhoyonat PMJQ&/-&V‘S a'f\’f“o H +
H= AH, + H,
o | (Y
H,:(» O)- ) ”V”<§_"
0 |21 |#%.
Pz Ho
P iz span ¢ 1%>: BIY> =21, 1\<A?
is called

Dtrec;t N'f; o\‘bnem u‘p__,}:
the ”SCLW" effer~ — Wolff %mwrﬁomq‘é,om

for AHO, H1 wrt. P



So #ar', thas  isn't Vevy uwseful in
Fract»‘ce. We have shown there exusts
a SW 4ransfornmation S with certain
?mper—ties. Bt this doec, 't Jive vs
a wmethd of  constructing S
'FI'DM “0/ “1.

Twdeed, Ztlhere alwocys ex'sts So~e
uwx;f'owj 7Loat fr’AV\S'Furms o n t’L&
eigenbasis of Ho to the eigenbasis of H.
The key is that the add 't ronal
properties of the Sv  Lranslorwa
( b[ockso-FC-—dioJomaL etec.) allbw us

‘fo ‘ﬁtnd con ve«rje«\% semes e Xf MS‘I‘O‘V\;
for S & Mo in terms of | Mo, Hh.

Lenmpma

S satisfies
tanh (£)(Ho+ SHiey) + & Hoprdiag = O )
where Hoing = P WP+ FLHP,
Hofe-dicg = FwF + P H,FP
e?(M) = e Me*

PE.
Start From  block —structure of S

L e’ BHe® & do alebra
(see [BDL’N], Sec. 3.2)



S= Z S; .  ISjh= oCA” IH.)
s = o(4ainn)
Heep = (esue's),_'-‘- 2 Heee -
_1- Js1! v J
"”eac,j I = O(Ai)
le <~k R+
I Heqe = 2 Hegey Il = 0CA T NIHITT)
Jg=1
I n Pw—ticwlar,
He-"\f,t = P_ H, P- (”1)--
Hot. 2 = =AM, H' (Hy) .-
Note: Py Hy Po 2 L by assuaption,

|\

so PU P = (P.h, P)7 in 24
order 4erm s wel/-a’e{-‘—v’wea’ :
Pe.

Tadlor -eroMJ tanh C§) £ solve
order by order (see [BDL ’11], Sec.3.2).

Tl'\we s A sjsteMa“I‘{c J"UMM»‘)L;Z,
Pmc,ealw-e for cmst‘m&i’ Mj 14‘,#. J
\r'ecw's.'ye/j, Wa’aaOu} ( bt d,@ewe.c:‘:) to
Fejmmav\ o‘:‘o‘tymm; AMSin Fron
F;Jnman - /?75‘“\ )oerfw-boﬁ".'on 'L'hcofy.

(See LRBRDL’ 1], Sec. 3.3.)



However', Yor— ewt"?'L’L\;-j we <o here P
we Will bn{y ne ed Fo ‘70 th ‘l-o
ZMJ o/d@f', 8;v~0/t cnéave. nO'
a\lmod’ Vloi‘lm'mj 1N the ?umtum int>.
Lv't%t wre r¢7u4'/‘6§ goiy L?QJ bnd 3.1-,,
ordes. (I'mn awovre of J wst one
result that requires Lith order.)

Perturbation G-adge‘fs

We will wse Zhis to dorive o

5y stewatic waj of const mc?‘,‘mj
'Uadde{;s M that allow us +o tvransfor~
an nrtial Mav vbody Hawri ($ onyan
im0 a  simplor  one Cin sowme sease)
thel (A4, ¢, ~I§~— simwulates it -Followawj
LoT ’o8].

L enrma C1s¥ orden~ simulation)

Target’ Hawiltonian Htw:get' on H
Homilt onians Ho ) )-/, on H = 'H,_ ® ?-L,,

If 34 local emav‘ing < with Ka:::e‘t’rj 74
£ enudinj z wu"l«'k ;soMe‘L’rj vV : %'-—-)H-
s.t. " v <Vl £ 1, ond i

I ECHeprge,) — (H)__ )l <
for Ay o M5 + nn,%)
HS;’.M:A Ho.pH_' (%’6'4,))~s:mu’a't'e$ H'l-"afge*'

then

4

N



pE.

— _ s _
Let € (Mygey) = € ECH,a)e .
$o aS}'acﬁef"ed isome{'? ' S V = eS V

1074

A/aeo‘ Yo sho v < sa'h'ncfes Pmpef‘l’ies
Gy £ () of Stmwnlation Def.

(:
‘3\07 Det, SW Etranform ~aps  H.o 2o
low-%ev Subsfowe of M., So

{(_11) = Pdoedl—or' ot lou-—emef'dj e.ly%aa

e NV -V =N V=-vI €l -1
< sl
=0CA" Il 1)) by Thm,
< " Ej dscuwfi""’"\
Gi):
” Hs;m ’< = i (”t@e*)”
S ” H$7M'$A = (H")-- ” ‘b.w’:wle
+ (). - ?_'(Ht,,ve*))l "%
-1 2 I\'I SW
< oA ) + £ e
£ 3+ = e S

a



}QMMG (an OI‘JV S:MU\'Oi’{On)

Towget' Howmiltonian Htw:get on M’

Hom !l onians Ha, /-/1’ Hz on H=H_OH,
s.t. “1 bl"/k -'d.‘qganal, 0‘"’;)-_ = 0.

If 3 local enco Jvnj 2 with '$OM0+’7 V
£ emcoa/i? g with i Sowzt'? V:H - H_
st. NV=v]) £ 4, ad

NE(Hyigey) = (). = (H,),, n"am Ils

then for- A= 0(2234'473) N:= “’Wﬂt(/"'/zll 1Y)
Hooo = AH, + JA H, + H,

is a (é, i,'q)- simunlation of “ﬁacygi--

PE. Similar to 15t order

N



k-local a 4 Ja
n+1 gqubits

H—toge‘t = Aqu
Let H.= 11X, H= (4] +8)

1

M= £ (AaX, = %X 8)  (PaulX)
(H),= E loX1 (A.- 8,)
(M) B CH), o= % ToX0) (A B,)

= loxol (3 A, -A.8,+28")
(H)oo = % loxo) (A, + B)°
Let VIS | = %>, 0% . Then

(H1)~- = ("z)-.; Hoq("’z).,,- = VHtﬂfyet \/+.

Fulfls cond itions of L¢mma, So
H,;...:A I-),i—JZ Hz'l'Hq (A/z,z,w))°$5m|acl’€$ waae't-

No".’e H,;M on, coni’aiv\s ;ntmc,t‘;ong oOnN
at wost  wiax (Jal 1, bl +1) qudits, so
have reduced locality from k — Tk/271 + 1.



