Homiltonian Sipmulation Theorj
T’ob& Cubitt

T ke f‘\eo*J of comPutation i'm\jl'\t s
that the details of the bﬂmputa't ional
w\oJel, -~ whether its o Turin} Mac‘u'me,
Py?"\om code, ConWaJ's jame o [;fe o
matter less +than M S Beinj comfu\feJ.
The way ‘the Cowmp utation wanifests
mvht | ook very Aifterent in Flese dEferent
moalels - TM i’rdw\sy"b 1on ™M ’-CS w,o d[d}l ;r:y
;_7.«460]; on & Cnm '['af e, ”C/ for / whule
s'f’c.‘/'emoy\"s, live o dead cells ffﬂpva‘,’ u‘::\]
and ’!_7"3 But Fhe way tThe ntormalion
entdded T~ the systen s be-'/y processed
s the same. IT¥ we understand the
computation 1 one wmodel, we wnderstand it
N Gn\y c‘fb\.e,r Mad-eL

Moreover~, There are wal'versal models
pf comf uf a‘/ fon ¢ S ;Mp,»-e 5Ioeo.' »C.'(, ?nsfances
t’l«ét are eble 4o NPL:“'I’Q An j_
computation that thet, or any ster,
model of com,Qu‘t'a'l-fM can compute,

Eﬂ a um;Wl rm/j Machine.



Anal o ous'y. " A ¢1cs, two com lel)‘e
O‘F%Iz/\‘é phjffaf\ysjstew\s can i':w-r\ %V\b
to be enfirel\y e7u,ival&nl«', such that
wn)o,rﬁarJ ;V\) the behaviows~ of one S(yS"/PW\
meoans we “also wnderstand the behaviown

of <+l other. A  clagsie eya\m’o/e
Lron wnJerJraa’uafe ,OLU;;cs 'S wechanica|
gjﬁems of lnked wragses and s‘pn'»ys,
and L CR cirenits in elecfronics.

When are +two ffyf"ca{ $9stems equivakat
wm Fhis Wﬁ\"?

Uv\o‘er;‘f«nd.’n 'L'Ais eyw’vakmce in ‘jﬁnera/,
or ECvén JV\ st far'l'»wlar inst ancee oF "i,
has Gwtful Aﬂo[.'ca‘t' jong all over f‘&’"t‘,
from elec:f'rowfjnef ism, to Compu"/'vy the
entical 'Ooint of ‘the classical T s;.:y wadel
(V"a +L-e ‘(MMGPS -~ Wann e, daa‘:’tj ), y
S",Po*’\j/weat( dual"ties " 7uMi’um 'FieIJ
'tlaeorj “/'5\4" ~lfov fQ/"t wrbati ve ME‘/(AO&{;
o be ‘t” [ ed Yo ;‘)’-I‘Dtyy ;/d'QJ‘!C,‘l’ l'u\j
syslems, to lﬂo/ogm,k.‘c Aus [fies in
7uami’“m jl‘av-it}, to usin cold atowr
ar'l*ad; to S;Mu\(oi‘e I/t.'J "T; S‘aL‘J S‘/‘a?}e

5uloe{‘tondu clers T ona Iojue Ho wi fornton
7 mu lat ton.



In 1hL;s Couvv—se we woll build up -
rigorouf wathewat ical ‘tl\nowj of Ham,‘lt'oniew\
Simulc\‘éfon, WK;J’\ jwe; one onswer- to

the above queg']‘:om of whe, turo fy;few\f
are Phj;'.’ca"y Q7M;va/e¢\f- And thus forvalism
vill twm out 2 be vely #rwf-pkl,

léaJ?v to The d;SLO of M:Va;a[
Momj- Lodj w;oAQ[S' flno't Coni'aM a“

FOS;.’ &le M—wmj ~ bodj ,0‘\05"45, Malo‘y on s

to wLniversal T'W-inj Machives
comfu'l'aiiom ‘H«eory, To a
classiCication of  all 2 -qubt

‘ull cowple,v 'rb)

‘ont Craclions

N Haw\;[‘t onian Co-Mf'ex ;‘{.'j . EVe‘ﬂ to
o\PPLca‘l' rong " 7th A y"d\/ Ib]

(beJonA the scope of s leckuve Sereg,
bul See Tamoras cowrse).



(Ve/"j meomple'l’c) H’iS'/'or'j R Qe‘FWnceS
Homiltonian Complex.'i-j_i

[Qar’qlwomq )923
Poved MNP- cow,olefemess of Jﬁow/ stafe
ener Pmb’ew\ -Fo\r C /a sSieal IS:'VI
3y J
moadel with P:ela’s, connect in
CO.M,OM‘I" etional ¢ owf[e 2 ii:y t[\zoy with
Plnjs»'cs (stot. wech. )

[kitaev N’OZ]
RMA - completevess of 1uan+um
34~an state e.v\.&g} fmbtawx ( " locod
Hamlfonian fl"blp’em“) ,  For k- lo<cal
Hamlt eniang with k =8.

Lkk R’ ok]
I Mi’ ool uced ",oeriwbaf rown jadge'fs h ‘t‘eckm'qlﬂ";
to prove RMA - completeness for k= 2.

LoT ' o8]

Extended pertrbation gagets +o a
3e.nml Framewerk, + prove QMA -
cowftef'a,ness Cor  reavest -—rw.;yhéawv-
qubit  Hawmilt onians en a [attice.



[BDL 1]
De!re'ofuJ a li'emd»: ve Per'l' urbaé'n'on jaa’ge{
An “'js" s via Schrieffer - WVolff Pgrtw—ba‘f'?on
*I’kw*y fornalism,

Cem’ 16)
Proved  guaniv v ym’c‘sw%'om o
Shoeffer’s olrcho o ~Y Th wn, 5:'\/-\'43
“Mfll'l’é classiicad i on of cav-«fle,hjlj
of 2-local 7ub"2" Hamiltorans,

CBH 17]
p:‘nnCé 0‘0 wwW c,lw//éz 'z of ?Maﬂ'['uw\
Lrangverse I;-’nj Maa’e{ (%ﬂ class
in (M ]  classifcation Thw.), 'tlu.ebj
Cow‘)o/g‘i' ivj +he classiFication , w-ak-'v\j use
of  Schreffer — Wolef  Hrrwalism

”Comflz‘fe HC(M;H'OW\.am 5“ .

[de las Cuevos, Dur, PBriegel et al. '08 1]
Proved +that pav-t ition Functions

2,(p) = Z eBHE)  of certain classical
HaMi[{ ovta\:ams ov-e ”Cowfte'fe“ , l.e.

con re'oraduoe the partition function
of _f‘_fy‘ otler clogsical Hawmiltonran,



CdLcc 4]

Proved +hat Ythere exist “wunivesal
classical an?l‘fOn{anc“, wbkich can
@’(ac‘tlj +Cproduce alf f’«Jsfc«S of any
o‘fkw C/dﬁ»‘f:cal Namil*an fan . PI‘D Véd
tHot H is wewvarsal iff its ‘9me
S"'O\"'C ane«?) fl’obkM ) S A}p"comflej'e

@U\Mtvm H'GM»;H‘OV\;Qn S'.MulochioV\:

Cemp’ 19]

I>evdof7ed rmatlemotical Franewe~k of
(ow\c-loj we) ¢7uamtuw~ Hawmilt ensan
s.'Mo.'a'l’idm. Proved that tlere e=xist
universol 7uan‘tuw\ Ramiltenions, which
coan refroc’vce ol Pl:];icﬁ oF My oHor
Hamiltonian +o Ovrb:"[’f‘n/'?'j L\—.Jl’\
qccurocy. PI‘Dvea' Cowf/e,‘/e C/u(;,'@'ad:n'ar\
of S';Mu'a'fiom Power of 2"l°<q,l

c’c«b:t Homiltonions.



When d°€5 one Haw\ilianfam M’
5‘.w~ul¢"‘e another H 7

Mathemqatics teaches ws it ofte~ Crmthi/
+o ;‘t'qu the wq/os betuween oéd’ecfr,
rather then the o 7je cts Themselves.

Cawn hefkm;e thys as:

What are the WMfS

£: Herm — Herm
H — H= £CH)

wiieh preserve all  he /A‘ys"cf of H 7

What dees T iean o ’}J/CS'QM all the
physics"

Tnformotion i’l«neavy teockes wus that
1t's Fruitful Yo take an operaiional
appraacl«. So lets (st eve‘/y‘f:l«’uj t hat §
accesSs, Ue N Pﬁm&:"olf %) ex/ eM rmen i’,

an) a Sk that the WP & PI'CSQM'V?,S'
vt oall.



Nototi on

,,B('H.) 1 set (actuall , a{ye/or-a) of all
bounded operoq‘ors on Nilbert

Space H
M,\ n XxXn comp lex ma‘tn’ce S
HerM,. . NXn Hemit’;a\m wt /*-n'ces

He Herm, & HT=MH

Herw (1—{,) Hermitian OPM't'W‘S on H"'[Le—"‘i
space H

Com,o/ex, conJMjafe of Z2 e

3w

emi"y-'w ise com’o)ex con‘}'ug d‘f ron
of M€ M,.

[a,b] : closed interval a teo b v R,
ie. [a,6] = { x€R: agx<2b)

M i Mm@ Me---oM
(N ‘vrk v

n times
spec (M) : gfectrum of M (i.e. set of
-] :‘jen vaheg) _v_\_a_'f inchnd v'nj

Je]enel"a.c.‘e s



14 . d- ol‘uv\ansimal :’a(.ev\i'itj mat N x

Re ()(), : rea , """d:j PM"’S of X
IMCX) C%'f'g~wi$‘€ ~for X € J(J)



Hamiltonian EnCaJiv:?s

Homiltonian H € Herm,
Observables A, B ¢ Herm
Stoate p € Herwm ,, '(:.'r'o = 1

1. A = £4) sbhowld be Hermi tian
> & Hemitidij presens vg !
$CA) = £(A)

2. E:jenvalueg 0{ /4 COrr'es'omd ‘o IRA Sy RGN}
outcomes = & spectrum preserving :

sfec(Z(A)): spec (A)

3 P/‘obab.‘lf}'f?c combinal lons of ebfer'vaétej'
wrres{amd +o ex,oeﬁmts we con perfirm
> ¢ convex:

clpA+ (p)B) = pelA)+ (1) £(B)

. EXP€¢+0V1750¢\ Valves ot observable
shouwld be Frc;ev—wealf
w (Ap) = & (26a) €(p))

5. T 'me -'djndwm'cf .

B (5 EY s TNy
= (A e pe ).



é. Tf’\ormoa!ynow\fc pm,oer‘/.‘e;
S partition Fanction shovwld be
preserved Cc«f to0 irrelevant rescW’qj:
€ odditive slifts, as these don't
affect The fﬁyﬁcs)-’

Ey = #(e-Pi(H))____ (t_(e~pn)+ .

?. SL\OVU be oé/e, 'l'o CM}'tmct s;mm/arl’o'an
of M”:]' Body Hor, lFon‘an H-= Z«; h;
term —by- term, not @/oéa/{] '
=2 & [inear over reals:

V«; € R, h; € Herm
i(go(;l’v:) =2 «; £(h;)

Tn fact just 1-3 already suffirce to
ensure all plﬂjsfcs i s Preserved b] ¢!



T’f\vv\ ( emcadinjs)

g: herwm, — Herm,
The Followinjw‘e e7w‘valewi'1

G) V¥V AB € Hem,,, Vpe (01]

1. £(A) = i(A)+
spe ¢ (E(A)) <= spec (A)
3 ¢ (pA +(7-P)B) Pi(A)"' (7*/>)£(B)

(i) 3 wnique extension g': M > M,
st. £/ (k) = E(H) for all H € Herm,,
& VA,BG./‘(,\, V>xeR:

a. £'(2) =

b, €°(4%) = s’ ¢ca)t
c. $(A+B) = £'(A) + £'(B)

d. £'(AB) = ¢£(A) £€°(B) € *this is the
Mon- Ermval one
e. €(xA) = x £'(A)

i) 3 um’que extension §£’: J{ﬂﬂ Mo
st. ¢(n) = E(H) for all H e Herr,, ,
with €' of forw

¢ (M) = u(m®f o n%) u’
forr some F'?‘é o , unitwj Ue M.

We cau $uc|'\ oan & an encaa’(ng_._




Note (Gv) s basig - 'mde'oenJent , despite
complex conjugation, ag change of basis can
be absorbed in U.

LQW\MG

&g H erw, — Hel'w.h

Convexnlj e.df'rv\w\ FheServ'o'mj
> ~eal L,neml;
RrE

Spectrwm pres erving = g()=
A <O,
;\
set ps= CVrl
Use 3 3 ¢€(AA4) = 4 €(A) ()
Apply (») to 24 = £(a%A)= X&)



To Frave TL\M , we will '\eeo' #o éake
a bref wmathematical detour nto Jerdan
4{925!’65 anJ Jordan r'i.ajy,

Jordan R "gs_

_'_)_gf_. (Ro’nﬁ)

Sefk R, ba’nar\’ O'OQ—fat’;OnS ¢, +
e Abelion group over +

e closwre: ab € R

e associative: (abde = a (Cbc)
o 3J¢v\‘£'»"l'J: 1°a = a1 = a

anﬂfle'- matmces over € with
tnsual matl mwl«'t':,:l;cation.

Def. (Sfec:al Jordan R:nj)

RJ’ obtained from R 'gy l‘e’)’ac,o‘vy
Proalur;t with SJMMQ‘kﬁc Pl‘ooluc:b
aob = ab +ba.

Not a$$O£;a‘bive! (a ob)oc # Qo(bec)

But’ 'S Commnfa\'é;veo' O\ub = 600\.



WI'\J do we care obout these weivrd
nom - associative struwetuwres A 7uan£um
mechanics ?!

Examt!?
Herwm, € M, with s:ymmet'm‘c prod.,.d-

Ao B = A8 + BA forms o
J ordan I"iv\j.

So Herw\i‘kian aéservabl,eg 1 QM "Aai'ura/b“
Form a J.OPJM aljebl"a.

Indeed, tThis was Fthe om’&fnwl motivakion
¥for the detinitien &£ S‘bu{] of
Jordan a'\?ebNS.

Det. (Rinj L\amomor'okfsm)
Rings R, R’, @: R— R

e $PCa+b) = @F(a) + F(b)
s @ Cab) = @la) ¢ (b)
e $(1) = 1

M. (R.’Vy onti ~ Aomomorlohf$m)

Rings R, R, @: R— R s.%.
o Catb) = @Fla) + #(b)
s & (ab) = @Cb) ¢ (a) note order!

e $(1) 1



Def. ( Jordan koMomorfkasm)

¢ RJ’ I— RJ‘ s. .
¢ P (arbh) = gl + B(b)
- p(acbk) = @la) o £(b)

Lew\ma

I R is net of choracteristic 2
(i.e. Qz ¢0),¢ Uol”alam l\omomo,—l)b\.‘_sm ,.F{

o Pla+b) = fJlad+ Fb)
* @ (a?) = @ (a)°

P
I';{\\;
(a+b)o (a+b) = 2aeb + a 3 b2

¢((a+b)) = 2P (aob) + ¢/(,q’()+¢7'é64)
¢[q+b) (¢ Ca) +gew)’

= 2@la)o@lb) + Pla)" + F(b)?
= 2 @) o Fh) + PLF) + BLE)

\
"ov\h T easy ,



TL\V‘-, (un.‘qwg e.)("/'eﬂfion)

V. > 2 anj T ovrdan hom. of “e/"""ln

can be exi'endeo‘ in one and onb one
to & hom. of M,.

Wd)

P
n2 3 Tacobson € Rickorl 762
ns 2: Marlindale 63

Lermma

¢.' Herw\n —> Herw\m

e unital - ﬁ(l) =2

e wmvertibi LY Pheferv'?n :
et Phle THCH) imvertibl

v real Unear : VWD, peR, Age Herwm,
P(AA+ pB) = A P(4) + u P(B)

@ s Jordan hom.

Pt
G(H-21) = PCH) - A1
+ mvert ibilbd - presemin
= Sfec(¢6{)) = gpéz (H)
>V Pﬂded'or P
spec (#(P)) € (0,1}



+ ¢(P) Her~wmition
> @) ijec'hr

'H € ”ermn
SPQ,a{'ml decom/oos.'i-:om:
—_— 2“; p;

AER, P Muiual/ly or‘tkg. Pmd'ec?[Of‘S‘.

vV oi#j - PR +P pryjech~
= @GP +P) phodeo‘l'ar

(¢(P.+x>>> = (P + P) = BAP )+t
N
(PP + P = #(P) + B(P)*
+¢(P)¢(P>+ p(P)H(PR)

= PEP) + @A)
+ F(P) 4 (P) +¢(P) @ (P )

= @GP I(P) + G(F) B(P)=0
=0

PLH) = Z A7 ¢P)” + PALE

= 27 @)
= ¢(H1) u|



Back Ho..
_P_-E, ( of enwivs Thm.)

G)=> Gi):
UWnttal + inverl ab{L”lJ f«{serv:v_\}

+ wvesl ULnreor (Lemma)
> 5 Tor'dam L\Ow\,

(2)

U‘m’?we extension Thm:
1 & M, — M, r~ing hom.
= §(AB) = £'t4) £'(8), =3 d.

a, b, c,e: Exe~cise

Cii) 2 Gii):

( Whnte £ =
T:= tlil) = £G)

Ti= €GYEli)= E€Ci*)= ¢¢-V) = -1
hCMPLQx struct wre’

= €UVols g = 31

£(i) €(A) = £(iA)
S(Ai) = €CA) £Gi)

= E€CA) T
S VA: U, £CA) C.‘Mu/foneousb di‘tg.

€/ here for brew"lrj)

T £(A

VU



’)eoompo;e A= A, & A_ a»c;l.'.«:j on

on *1 cigenspaces of J  resp

ECA) |, = A

EGA)], = *i A,

ECAB)Y ), = Ay B,

c(At)), = Al

S €= €, 8 E_ is direct svim of
&, (A):= £(a) )_, * - representad iom
. (A):z= €(A)]|. anati-+ -representation

of ¢? a(yebm Cﬂn, T)

Lem. (e-g. [Dawwlso'\] book )
Av\j ¥ - rep. of Enite -~ dim. C" O,j
s lmm'tﬁf‘{y 97“3V0 Yo o'o‘rect' Suwm  of
vdent il y repres entatlions.

Cov

Any onti —¥ -rep s direct sum of

comflea COvt"uj altes of »‘denz‘i{:-y reps.
S £€(A) = €,A @ 7.4
= U (A®F o A%y yt

Gii)SD G easy ( d)rect venBcation) a



Ezo\w\p’e (Cowfle’c —ts-real)

¢:3Cc") = BR™)
(M) = Re(M) @ ReM) + T Im(M) @I (M)
where J:'z2 Y@ U,

lim) = Ume »)iu?

ke W X /4 2
” J'z(:,ﬂ -2

> @ IS an er\codig é_p Thm. Ciii),

Exercise

Prove +hat enced ing preserves all Phds:‘cs :
expecl‘af/an vo\/ucs, time -tl}nam res,
Far‘t iEiown Lonct ion, e'bc-

Note: For ‘t'IM’;, Hou will wneed o
define an associated rap 25"'&"e on
;'taf ¢ r'ela‘l'ed' to a jiver\ €nceo i V\j £.

Tor the purposes of +ws cownrse,
take tlvs to be:

Soate (p) = U(pooO
and assume Zhat P z 1.

Pty Lyt



