Lec;t'urc §: Grover’s A/gar.’ékm
£ AmPL tud& Amfkpica{’ ron

QFT-baged afyorc"ﬂmg ar e r&s'fon;;éle
Lor the [known Su'oa-r—-potyno.mia[ 7ua.¢|tb\m
speedups over ( kmown) classical o!jori'&‘ww;.

However , they are (se far?) only useful
in & Lmited range of applicationg Cmost/]
numwber —theoretic in nalure, ULke

ordos - ﬁmdc’dj 4 Qa’éariy)-

Grovers aljor:i'hm (and its jenmL‘Sa-éiom,
ampbi’bude, aMfL?Ff‘cai'ion) offFer Onfy &
1uaa‘mt’u'a speedu’; over class ical. One
Con Qvan Ov Q quao'r'a'l?ic ij as Jood ag
it 3@15}‘ £r unstructured search problems
(whiah is where m;e éeoho'\??ue: afféy).

Hawevu“, these f:eotm}'qu afflj for tmore
Wide,ly, J?vinj ?uao'hatc'c 5/“"“{! ovesr
ex haustive  search fHr any NP - problem,
1Mddm$ic S,oe.eo(uf for any probabilistic
quaméum a/dor:élnm with known Success
Pmbqa.‘atj (and other neat trmichs (ke
boosting #he (latter~ frowm probabilstic 4o
deberministic).



Awfln'tho'e AMI)L'ﬁcai‘ 100

TJustl as the RFT + fha;a' estimation
was the 7uantuw subv-out ; e at the
hearl of ora'er‘fimd?nj £ 'ﬁ:c’t'ar{v,
amlot;i'uale amfb'&a'l'ion is the 7uami‘um
subroutine at the heart of Grover’
algorithm .

(Am' :,u;t as Bu.’/al.‘nj the ft&toﬂ'y 4{30&%&»&
rom 'ol'\aso estimation wasg A;;towicalé
bﬂ‘ckhmro's, as S'L'of'f o.lﬁ. came -ﬁ,‘,—;’t

and the phase estimation Lechnique was
olistilled ot of ;i latcr, so buildin

G-rover s q{goﬁﬂm frowm am,ol,:-tuJe ame'ﬁCaiv‘an
is Lﬁrtoﬁoa(lj boack wards: Grover C1996]
came rst , and The a.mpl;‘t’udo ampLi'l‘uJe
nmPLIFica,'ta'an ‘t’eolm}qut distilled from ;¢

Soon oafte~r [ Brossard £ H@er l?‘??].)



Problem (A'm(b'tude am,oL'ﬁ'caf’IM)

Input : State |¥> & €V
Black-box unitoses Z,=1- 2)1¥xY|
and 2= A- 2T, on &V
Tl = rr{,ci‘or ownto "aooo\“ ruLspace G-

Output: State 11> s.t. | TI, M)z 1-¢
i.e. high 4‘060&;“* o'F measurin
Jgn P J
'Wocat~> To be in "‘7700,(“ Suéifcce
Al_gori'ﬂ"m

Aljor:i—lﬂm is very s'.m,ote:

Let I = “Z«yzg.,

~ = ZT% ""21. (rounded Yo nearest im'be_go.»)

where © = Sin™ ) T ¥

([ - — —
) —— L L., — I
Wl "]t
| — - — I
— ~ _J
~ Times

Av\aljf?s' of thi aljor;t“m (s, as as‘uo«l, nol
7ui'be So 5o‘mf>’-e...



Analysis

Recall De‘@. (of'ﬂwaonal compltmgn'l‘>3
Gz span {1V iV ITSes, YYD =0]

Claiwm

vV subspaces A, states I1Y> , YD can
be deco o;cJ as o Liveoar cowmb nation

14> = s1¢>+cl9¢?> of slates I19>€A,
|4*> € A* with real coefficieats ¢ s € R.

pr'OO‘F:

Pick an orthonor»al basis 2"(,, >}Oe
(14°53 for A & A% Thea 43U 9D)
'FW"MS an Or'l‘l\ano r'mﬂl ba;a‘s for the
whole Space , 5o

v> = 2w 14> 4 ZF.;/‘ff> “, B € C
J o

- . X 1. i .
= JZk ({ﬁj".>) - JZig @JJE@,:'%))

e 1> + L1qtS ,
l¢> eA, 14*>c A

s= |2}, c¢= ’?-'IF,-I" € R .
v J

Note: s1€>= T, 14>, cl@*> = 7 |¥>.
Can wwnile c= 6016, = Sinb

Since ¢? +st =1, .




What does the orcm'l:or Z=1-21T, do?
Z, V> = (A-2TT, ) (sl4> + cl¥*>
= (s-2s))19> + ecl¢*S
= -sl¢> « cl@e*>

1> ¥

19>

ZG- is a vreflection wn the lvper,:[ane G.'L
or‘t’hajomtl, to 6.

Similarly, 24, 5 a reflection in  the
L\JPal‘Phne ortlnoddnal 't'o 'W)

2, i5 & vrefloction 1n & jwnstead of C-J_
(inverts sign of 14D coeffiued mstead
of 19>  above).



What does == Zy Eg do ?
By claim Cakove), can wrlte |[VY> ag

1> = s|®> + cly*>
where 14> € G, l‘("')éG"] cz= G50, s=Sin6

Then
II4>=-2 2, 1¢>

= [1~2(s1€> + <€) (s <)+ eCet)] 1>
= Cos20 [@> — Sin28l¢tr> <ul¥¢t>=o
~Zy 2o | ¥F> = Sia20 [€> + (o520 |et>

So in tTthe $ubs‘Pace ;fanncd é)
Qe> = T 1w>,  1@+> = T [v)

- - Cos 20 -5:n20O > 0
I= Z," 2, S 20 Coszg ) rotatio bj 29

where O = S ) TT 1¢0]):

>
-2,2, |g>

8aX0 714>

\




1t.> = T 1D

= Sin(2F +1)0 14> + Cos(2r+1)0 )¢
rol ate ~ times b\y angle 20
vector in;t,‘alfy at Mdle 8.

”TI;, l"’ro.w) ”2 = Sin® (z2r+1) &
rmox inuged Ffor 2rt+1)e = g

= wear " ~ vo_21- g
—> Take r earest intoge -ro“ 2 o(e)

Let r=(;};:-5'_)* c, c<1

I 1%, >0 = in* (T +2¢6)
= Crs2(2¢8) = 1-0(C6%

Grover
s‘peedup l

G-rovev's Algorifhm

Pl‘ob(&"" CUnsTructured Search)
Input : Black-bex -ﬁ,mc,fn‘on -F! iO, 1)“——) 20,13

Promise: £(x) =1 on exoctly R inputs =
e | {=x2 £(x="13] =R

Ou'bpu‘b’-‘ x st. £Cx) =1.

As u;ual, qaw‘rum black-box is
Ue 2> lj) = |ad> lg ® (0O,



Think of £ as ialenb?fy:‘vy Good”

> values , T&;k is & €nd a 3an X
(searcl). Block- box wnature of £

models the fuct we have wno additional
i on whatl valaes of > are bkely
i be good, other than what we get

bv 7140.(3.‘.4:’ ~F (un:frua‘fured).

n?mking of £ as o ”Jat'aéa;e“ StW‘""‘j
values thet can be looked “p 's Mfsleoal.’nj
(even if some of the Cterobure discusses
it in  these f’cws.'); dc‘é'wlfj imf[q’ne..\ﬁ,‘n}
av\j S'uch o(a't'aéafe WDM[J LoSQ tA&
quedralic advastage.

G’I’OVW‘ is «éou‘t S‘OMCL.'.«) Nn an o»LGtrqct

solution space.

E.g. consider the class NP. Bj delG mtion,
ang NP Pmblw has a veri€ier thal ouffu'l's
1 onn volid solutious

— can take vermGer as £

unst ructured 5eal'tl| . Since ver fer for
NP problem; are po\ly-'b?me Cby olef. ),

have efficiant :‘mplwta'lr,’on of £ in
this case — de-oraclised problem.

However, # solutions R udl usually leaown
in this case (see laber). 8



Class,cal lower bound

For once , fra v;ng a lower Bauno' on

the number of calls to the oracle €
r-eqh'u-ed v ?dﬁv‘ti@ -4 wi th ‘\731" fﬂbaéz‘b‘éj
'S gtm;akt"brward.

TL\e,oreW)

A:\j classical aldol‘?‘l-[.m gaLv?nj Unstruetereod
Cearch with swccess Proéab‘bt’j; 1- ¢
requ‘are.s 0((1-—4.) %) 7“04":.@5 to 'F

Proof
‘F con 'oe ang anatiov\ Sai‘;Sﬁi:’ fmmo'se,
50 have uaiform prior on "900d” x (ie. FC=1)-

Wlo', eacly 70@4-) o F is on distmet
(othervice €an  improve algorithem by slv'”).:j
Ju’L‘ca'l'& 7uer3¢$ MJ uSo'n} all’eadj -knOWV\
res ult).

A fter o~ quaries, i £ haven't fownd FOYs1
then best we cam oo is Juess randow >
-P-om remMA ren ;»j fo;;) b Lt es

Pr ( Coil using * queses) = (”';‘{")/(2’)

:o(/\/h"kv‘N""1 = 0(1-—-'3-'-') £ g
NE N
= v = O(("-i)ﬁi). Vo) 5




Quont um aljoritl«m
=

Let 145= &3 (x>, N=2"
0

_ (~l=> if x=0"
2o |x> = {lxg otherwise

Zy= H®"z, H
€(x) "
Z, > = (-1) > , X € (o, 1
Note tFhat 26- can be impkmtnfed
m$3n3 one call ¥+ L({‘, Mf'mg p‘wqe ~kickback .
Ug
|- —— — )->

Zo can Le 'rmplﬁmev\'é'wl Qacﬁa'c.;a.n'@ bj exd“-ﬁj
the same wethd qp,oh'eJ o the circmt Gor
reversibly computing g:x > NOT (AND(x,, ;%)

Grovar's quorii—hm is ampu‘bude. awf'-n‘cai‘-'on
applied To ~tilus particumlar Y2, 24, 24

10> R — — A
10> R T | I - 1 T . /7_(
oS H L — Hy l,,_(

10

> r times



Av\o\,jSU‘

Note Za = 1 -2 100"X0"I
sinee  Z, x> = |[n) -2 o" x> (07 >
- { o™ > Wt =0
73(> o‘bLN'(,./n'sp

on

{!

2y = HZ, %"= 1~ zwxw
where [¥>= H®|o le)

2, = T laXx] = Zl=Xxl = 1~277
x:fl(x)=0 x: (=1

where G = span { 12> 1 f(0)=13.
N -1

6 = sin [T 1>l = Sin" )| TTe 75 Z 12> )
§m-1 1 x> = ?nq 3
( N 2 Fé)-f ”) > \/:V_'

xf; for kR const, N growing

M (At“Je
% r' -0 In &
qFF L'(era)'b.ov\(s\/_) *F L'.F'“+'M alj

RN P,—(Meayuf‘e > ? 'F(‘JC)="> - ” TTG. ,Youf>”

= 1-0(7) in bime O(J¥)

A quadrafic sfee.JuP over classical Oé%’).




Kuantum Lower - Bound

Theovrem
44n3 quovltkw a((,am'ﬂ\wn o unstructurad

;c.arcL. requ:re.s OCJ'/T’) qw-""QS i’o L{p

Proof: MNoet teo difE&cult , but deond

the Scope of ‘tlhis Cowrse. Inte.rest'v'njl’
tl\e lowe.r' bova and 'tl«z aleV‘;i’t\W‘
ch.'ev?ng ;'t' were alfscovareol comf[e.f'ely
in(‘¢’>enol¢nt at or0und the Same i’l'w\e

[ Bennett, Brassard, Bernstein, Vagirani 19977,

Quadratic Speedup of moany quantum algorithms
Cong deyr q.nj 7uantum a!]ora't’l\m for

a alcu'sion )Orablem Cout’Put’ O or 1) that
does nol use measuremeants except Btnal

measurrement O'F o"‘i_f“t qub;t.

Let gsuccess Proloab:l;f) =p

= OutPu{’ st ote before final measurenent
%> = Jp 11> (9> + Ji=p lo> 155

— Need 0(%) repetitions b gat ~ight

answer w;th FroLaLi(;'tj 1- §.

Apply amplitude omplification with Tle=11X1l@ 1
—> AW'L@ sSuecegs 'Orobobit;bj to 1-9% cn

time o (‘/:-:) . 12



Unknown kR

Tn the abeve a{}ariékm, the numbor
o Gvover iterations, v, depend; o
‘L’Lo. number of "(7000‘ ks , Je . S‘at’to‘v
~ to the wrong valw will eijther ouer-
or wnder - rolate , and the sucess
pmb«»&?&'tj Sin® folls off very g ckly.
So k mugt be knowin in advence.

Not the case for- wan eyplk-at"oms ,

e.J, te MNP Phoblev'\f. (MB, For NP
thav-e is a Fandomised {)o%"td«g r~educl ipn
to U"l:7“¢’ - SA T, bwlt the 'polj -t ime reduction
will destfﬂj the 7uadra'ba‘c ddlmt?’e.)

S'nmf le $tra*¢3‘7_:

Clhoose Kk wn;lorwl ot r~ondowm in
{1,...,Jﬁ+1}, ~ian over for Jg iterotions,
check * €(x0) =1, rFinse, wepea'b until success.

Pr (succeed in one Grover vun) =+ (Exercise)

P (succeed vithin v Grover vuns) 2 1"(2!;)”

> For sucess Pﬁ—v'oab.'l"tj 2 1-8,
meed wn = 0O ((?] '18')
— total ruvn-tiwme 0( !)-AT loj '%') .

T’Aere A€ wore s‘oflﬂ.:;'i'»'ca'teJ ;trated;e
t[«a'(' do Somzwl«oﬂt La.t't'er-. 13



Esxcacl Gvrover Search

Cons der S‘fe_oc‘al case % = Z“; :
Sin @ = || TT, 1%5)| =[F
- . -fay _ IT
= 0= Sin (z) -~ 6
OPthmal. e l‘:’g' "!i = 1

PI" ( $0\C&¢ed q-ﬁtcr ~ 1 ibara'b.'onf) - 1 !

T.e. when searc’n,?mj or- 1 (tem out of ¢,
a s;‘n’_,le Gvover~ [taration ig 3hal"am'teﬂl
b Hand Matclninj item Aei'erw;n-‘st.‘ca"/j.

In fact, Grovers algorithm con be
w..gle exaci’ For- d_'\j_ known voJ.ue Of 7Vk-

(Exevrcise)

14



There have been mamy ot her imfroveme.mt's
to Grover’ a‘gor?t'lam since the oviginal, of
which we Llist a few without proof:

Oblviouws A m,ALa' tude Ame"Pfcat:On
L Grover 2006]
Werks evea when [W> is unknown.

Fixco"fo.'n't Amfut'uo'e Ame"chat;On
L Yodar, Low, Chua\mj 201 ]

0v¢r14f w'th "ao OJ“ sub :'oace. increaseys

monot'onico@ with H iterotions o~
T.e. c'mcrea;iuj ~

pro Lab:’bi’y.

a'wgyg InCreases success

OL'/;V;OU\S Fix‘-d"fol.ﬂt AMfL;t'Ulo'e A,qu"P,'catl‘On
[Gwervreschi 2018]

Cowmbines both of the abeove.

All the above results vretain the
quaaqut 1C S‘feeafu'o.

T here alse many_ other appb.'ca‘t’ions of
Grover seaveh KR a"fL:t ude amft.’ Geation, of
which we [st wnone! (See reseach Uterature. )
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