Lectwred ¢ QFT &£ Phase Estimation

Both Deutsch -Jogsa o€ Simon's algenthms
made qo0d wse of the Hadamanrd
dronsformation H®" 4 gerernte a usetnl
Su’oerfos‘o'tiav\ of com,ou'l‘m!)onal basis s"tod'eg
(o the inverse transfrmation — also o
Yo e:ci'racﬁ unse ful 3n'forMa‘fion from such
o :u'oerpos."l:?on),

|

Clasﬁcalg, the Fourier Yronsform is
another exi’#eme‘ly useful (ond efficieatly
‘rmf/?mcn‘t aé/e) tranrﬁrm ffOn 'L'lm»'t Pendu-s
vy frolotem; tractable .

The quantum Fourier tronsform  (which
IS realb gqust  the classical discrete
Fouriar trons for~ carried out HY
Hiléert spo.ce) is  €quelly wseful, and
will ul,‘t‘;ma'l'b!] let ws <solve a hde
class of useful froblems (ﬁxmous[_y
;'\C,“-O’"‘:] 'Factor;y) exponentrq{b_ fa;tev-
that ~ the best known clagsteal
af‘ydf;fi\ms.




1. Quont vuwm Fouwriesr Transform
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ov-, wril:h:y equaél‘én For ul\ole veator- al
once, instead of Component -w ise
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This js the QFT !

Excervise: Show the QFT s unitory.
What abeul The FT on finctions ?

Efficient QFT implementation
Is there a Poljfn)-s'ozeJ ciremi bt Cor the QFT?

J’ R =0... 27 — wrte them in bo'na/:y :
J = Jogr-wdn s Ji € £0.13 & similacly for k.
Then W\itary we wenf on n 9«6a°t}' $ e



Examrley.‘ 4
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This should lwok fomiliar: it% \iusi owr old
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Com‘truct circwil Por aFE., »ecurg}vely:

Es:ent;al!y this is the classical fast Fourm e~

transformm (FFT) abom'thm carriod out
m  Milbert space.

QFT,: base case
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Mote: reverse order
(con use SWAP gates to
invent P needad )



Need B show this credd g ves QFTZ.M

0\590*"'"] Q FT. works

Let \i, :\j“ J,‘-., \}1 = I_U/zj (in Lina.y)
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How Mav Ja'f‘ey d&ef e r~cont covrbaa‘m?

Le‘l’ j(ﬂ) — #JQ"‘CS‘ ) GFT,..

[7) = 1 HGJQ MQI"J
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(n+1) = j(n‘) + n +1 ”a omorrd
J QFT \ controlled - phose qates
éj(n) = Z Jg < nt — effGauent.
J"i
Can aclfueve O(V\ ’0\7\«') uSMj Fusi’"’nult’:flmaioOV\
teo'mmunS bu‘t constants are Vef:y laizye
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Ho wever, we've ,j,’ ssed over ome issue:
QFT  circurd requ.‘reg Wy = e_z’r‘/Z"
- exPonemtia//j swmall (3 n) Phase r'ota'll'oﬂf,

Comot construct these Q‘Cpio.‘ently uS;nj
s andard ‘jate set (ct. SOIOVO] ~k taey).

However, ap,l‘oximat i:lj exponen‘éiall] Swall
~ol ations bj 1 Jatcs Ci.e. J’fo "ng them)
W\b iﬂt'ﬁﬁa'u ceg exp onm«tial{y small esvor
in outl Puf state s which suffices fov-

most applications, wade rigorous in
'blo\e *FO"DW;V\j .

Exercise: Prove that state I¥D produced
'oi modified QFT ciremt Av‘ﬂfpiv
P

ase vrol atiows Zw;/z‘” < S S close to
stote |V PNJuceJ by ideal QFT
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Hint: You m use withoul froof
(f‘wujlﬂ the 'ONO'F is wnol J:Ffic«lf!) thatl
D e - < 1 H-HI.



2. Phase Estimotion

Problem, (Phase FEFs?imation)

Inpuf: Black -kox cont rolled unit’awy u
on N qtab."tf + 1 control 7ubo't'.
Stote 4>
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Mote that cuk = (c 0\)’e o can build +his
givea black-box -U, However, cu?™” the,,
requires O(27) gates. So cirewmt is
e;F-Fici ent i€ nw = O (IOj N), or If
we have a U for- wliel C.le 5
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G eneral version of f‘nare kiek-back
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I’Lh) is a Proqluo'{: state (e wol
eni’cmgted) Qeéross “() o lce> v-e 'S"l'e"“s
@ is ret wrned UnoLawﬁed



S;Mfl,g Case: O = -9-;\ , J'éfa,...,Z"_JB
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b;";,. Fructio:n T = O'JOJ" °"Jn—1 hi‘lv\j
at m)”'i‘ " b;na-:}, o‘?&?tf.
T tL\A'S cale, L
1 R j/2"
> = 75 27 12 k>
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Cdfopp)nj the QS pcu-b, Sthce
P""Juct R the corevit deesn't oct turthan

on it)
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— In thkis sfea'a.l case, Pl«ase

estimation s exact (€=0).

M easurin out put rves | (in brinory)
g eutput gives ) “y
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Genaral case:

Theorem (Phase Estimation)
I¥ Phose Estimation aut,m'ts
&= 0. joji - Joss thea
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Like the QFT itselt, the gquantum
Pl«o\:c st imotion o\{yom’ﬂam (QPE) s still

a 07604#!#’“*\ subc-o«»t'ine“, not a \C/«/{’ Plc.dged
q{gor:’tl\m.

Anj use of QPE tTo solve & beaa Fide
gom'ou‘ba‘o.ml 'OroLleM must address two issues:

1. Circuit requires ©C(2M) jvq-be, (%
tmplq,w.ent ¢l,(2") $O can ov\’lj a’FPdro‘
h= O(Zogl\/) -—->£,5='-O(757V) for-
eff;cient (i-e. Pﬂtj(”) ) circau t.

Unless we have a parlicular U for which
there s a more  efficient way of
tnf[emowlinj clU? .

2. AlJoritlnm re7u]re,s e:aenffa+e (€¢> as
anut, which wmoay well Le as hard T
construct ag €indin its e::,envolue
(the flaase) in the “first place.

Sowelimes, c.ons'tr-uct‘inj suparposition
over eide.n;tai'es uly be aasier than
COu\sfrhcf:nJ Qa S'a'ndle one —> 3‘“’@5
Fotfowinj voriant -
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Problem (Phase Estimation variant)

InPut: B[wk—loox contN“ed un;t'ary u
on N qubits + 1 cont rol qubit.
;tafe IQ>.

PrOun:se! ’Q> — ;\,F; ,C('> .
where U 1G> = 279 .5

Ov\'b‘put's' Estimate 9; chosen al vrondowm
from MAistribution P e fPCdS;bn 2

Aégor'iflﬂm

E:cqcﬂj the same osg before |

Analysis

Exercise: Show +this werks.
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