Lectw—e 1! Twntroduction b
Computation € Complexity

Ruant um COV"!/OU-L_;"j is The ‘lc/i!ﬁflﬁf
7U\M'L't4m fechno/oj}, Peter Shov’s 1994
CIMMTMM -Pa&‘torb:j O[yovﬁfﬁ\"’\ kicked o€t a
wave of interest & exeitment about 9.
COMfM'L':’\j, £ 'S in /a/z'ye 'OM-L V‘e'5/0n$/'é/e
Lov- the Geld ot guay,'[’um

3oinj moth\St'ream.

information

A new  wave of excalwment has been
Ikcicked ofF Lj The near-Term prospect
of MNISH hardwave (goi%j intermediote —
scale _7_uar\i’mw\ (ow:/wter'g) —~ l.e. 7uaw[-um
com/)ub,‘r\j Aaro’ware i’ha"l',’ /S Aot oév;ou,c_/j
useful o a:"jiA’:"ﬂ bul vo longer

obv'wus‘(y useless e ther !

Ho weveér there rs  also curv—en f\’y a /Jot
ot hjpe and  anrmealistic Q:cfectavéiony.

Aim of this cowmrse s to teach gou
w hat the excitnent derives {rom,
r-fﬂor'c:)u;{y and i~ ole'i’q,'[,)' and to
imnoculate You Qjaa‘/lgt the over- Adpe.



You often (used to?) hear :

"TAe«-e Xr—€ 0:/1-’] “wo Olua\n'['u\w\ oLk(?oJ*;"éLIM_S‘“
(W\e,ow\}/\j Shor & Grover).

Thats “oul of date: there are 3 nou!l
But that's OK. There are only 3
o/asﬁcal a‘[jor-;‘bﬁ\wnr:' So 7btal\t‘4M IS

not oloi/\:? badb .

Show (d./(.q &FT} L Grover (aka.
OMPL;i'ud'e amf)&*ﬁcai'f‘on) av-€ move

genernl a[yomsz%\.mfc ‘i‘eollm?fueg then s‘fac,‘chc
q[{ygl\;fﬁxm;, L~ '('Ae, SAaAwme vem ) ‘[’L\e
Vast V"‘@O"’;tj O"F C[d!f,'ca[ a‘l}o/‘;iﬁ\m; a0
based on A:v;o’@*and'wniuaf, okljnawlic
PPOJI‘O\MM )Vy, cConvex o'otim.'sa'l‘wm ov

one  wmoare  L'm Leawfnj open as a fm{‘e%‘y

Mowg In.

By the end of the [lecture cowse,
gou will tnderstand Shov's Ctlj. y
Gfrove,r’qb. £ sowe others vn detall .
But wmore }M,oaf'i'omtlj, Yon will Llo,éetcuf%
understand Gette~ what  the e,xo{?finj
Po‘lf' entiol of iuom tum C,OM/’M tation is

&£ alo whol ore some of ¢
thesretical (/L\alle,n(je; L Gai Tations .



Classwcal COW\Fu'taflaw Cin the circwt wodel)

Def. Loﬁic ja‘te (or Zgo“f‘c“)
Boolesn Gnction on constant F#H bits

G: (o1} — fo,n3" Gypieally a,b=70~2
Eg.

AND Cx’J) = gzo :T’Z:isi

NoT (x) = (10 ::;

FAMOUT () = > x  copies input bi4
15 2 QV\t’o‘*\-‘t L\“L';

XOR (I,‘y) = z@:i

((Jasﬁco.Z) CNOT C"C,y): X, X@&

TOFFOLT (a,bc) = a, b, c®@nb)



C et

Finmte SQ.7Uane of ja‘i'es Qac,[\ ac:é?c:\j
0 Sfeci\‘:iea' subset of bLits.

E—j- C i cood d)O:}mm)f

AVD —

- NoT -

AND

AnyH

AMD [~

( Gotes don't lLowe o °”'€7 acl” on "qa’\l‘acen‘é“
bits — Just eagler 5 drmwl)

T heovrewm

(AND  NoT, FANOUT) s universal.

l- e. O\MJ boo/ea/\ -ﬁxmc’t’:am con be
COW\,DM'L’&OI | civrewmi T Com,oose,o‘ om] of
The se Jai'es

E xXeruse @ Prove s !




A 34‘)'; e 1S ey ers) L’e, i F the ;V\P ut
recoveyred Grom Lhe au’éf ut

NOT is revers ble ( selt - inverse)
AND is wnok reversible (00, 01,10 all give
Sqgvme (9q)épu"_ ()

musT ha ve

T be :—e\/ers‘,ng,

':O'f‘ A (jai‘e
same number of im'out’ 14 OMtfwt bitg
(ob\/;omsw

Ls revers:ble ww»lou'f'o‘éion i versal ?
T.e. can =ny Boolean Lunction be

cOm,omtea‘ %j constv-ucted
fr-oum vevers ble Cjai’eg‘?

a cir~cuit

Ves! T we allow anellas (extra

Enpub b, ts En?#iq[,‘sec/ o O0).



I£ £: 0,137 = 40,13 is not an
',V\vef~‘b;L>/€ ‘FU\V\C-&;DV)) laow cCon e P();S‘;L[j
cCo w\IOut’é (T V‘efved‘sl‘éb ?

Tnstead, compute :

0 0,13 — oy
flx,y) = x,,JGaF(x)

fo always iavertible (in fact, Self ~ inverse).

F(x,0) = x, flx) — ovtputs £(x) alon
R P J
with copy of input

We Say i’ha‘b -FR ”r'ever's;uj-C,OMfu‘i’es‘“

Con £p thads be Comput’eof %}7 a
r-Qve/‘S;é)le C?I‘Cvu't?

Theo rem
TOFFOLTL s universal Lo~ reversible

(ampu‘ba'biw\

P/‘OO'F
TOFFOLI Coun —~evesrS) L\ly ‘&OMIDMie
NOT, ANVD R  FAWNOuUT (Exercise!)




6‘3 ven (V\On - reve,rsib/q) Cil"GuZi' 'Fe)/" a
Boolean Canction €| r~eplace  all g° Lteg
bj TOFFoLI eym; valents.

DOESn'f ciuu'i‘e achieve what we
wontl, V\ame17 fe (x,J) = X,j@f&(},
as ;t l/"'dj Proo/w ce SO wme qa(a‘ii:'ama(

Zgo\rba?g“ bits:

anci llas {;Z [ 9 \90“"“99
xf— ¢ ==
1 £(x)

Coun e “bL\»TS‘ L>\7 ['ur\(‘,ompui‘;nj_“ 't’L\e
3a1-bage .

Since TOFFOLI is self—inerse, can
conSLLr-ucLL Cq J'ﬂst Ioj reve/rg,'nj TL\Q C/fhwiii

 — 9
~1 o
= ¢ =3~
fef ——




Then construct

g L 0) anclllas
anci lias f > E—
O —— ——— O o 0
% -1
N — C cC i ~
£(x)
._
mMoy-e 0 o
ancillag {o e 3 f(x)

(CLGS‘S'ICG(() CNOT c?a‘bes,
Con éQ COﬂgt"McteJ a“‘t o*F
TOFFOLTS + wmore ancillas

(C/GS‘S'}CGL) probabbusi‘)c Com/)ui’a'l’,'/'om

COW\FM"{Ja‘Z‘/’Mn Can nNow ao‘of.'-};iona[{y draw
From a souwrce of vrondom bits dur;ilj
cowulouta'bia-/\.

~—> Outcome ot COM_,DM%;OV\ M 0 [onger
deterministic, but a P robabi [ ty
distribution over passible oultput b/t -strings



Con moole,L "{;’L\,{g ag an addfﬁfana(
set of ancilla b/ts sel 1 rondom values

Cinstead of 0) al Input  To com}ou'éa‘éiomf

_ o __
ancillas {o

6 — |

o —

/1
i"omJow 0

OWb'DvCL Y
(‘(j)f‘)j; Wi th Pmb, P,

circmt

\‘-——‘—J\_‘J

N0t€3 i  we 901wuf(e From froéc?bi&'ﬁj
d?sf.ﬁ;bqiion {?_)&? on b ts Faw'f wa ‘Z’hl‘ocﬁb
the cirenit, R Then feed $qm/no,a/ value
ags ;"fmt to rest eof the cirewt,

b:j Bad?,?’ r~wle weé 3e‘t exact{g +he

S me 0‘479/0(/\'5 A;S‘tf‘;bu'ﬁfom S éeﬁ)/‘e 2

Pr' (\fjlz)Pr(-Z) = Pr(j) ;foj

This 15 not true in  guantum compulation



Q uant v Comf)utq'{:;o-m

Qum'bwm jO\'be

U«M"L_o":y Opero\‘fo;- o 1 o 2 7(451\'&9
(I{1: Cz — C
U, C*® & — @ ¢?

Ucnor = 100 X00| + |o1XoOT1I =1 1
+ 111><10] + )10 X 11| o o 1
10
10

NMote M‘ui‘ari‘l’j = Peuerg?bibfj :
Uy =1 3 U has ?mrerreja’be Uf
Quontum clircul:

Finmte Se7uence O"F 7ua4\‘l'u,m ja‘l'es QGOL\

aci?uj 0w SFQCA"HQO' Suks‘ef o‘F YML;tS

Q,o_u‘l P> Zc"computa‘éio—ual basic™ state, ie.
P> = K x>, [=2;> € 10D, 1153,

Oqt!omt s ou”L‘Cow.e O‘F W\QO\SIAM‘V:?_ ?ubf‘l's
tn COwPu"boi‘)onaL lods:‘;, (. @.

maosure (T TIP ) on each qubit,
— acitcome /oro(oalofb‘stic

10



comp . bagis

Ed : (CilﬁM'[;(AM ¢ irouwt O‘Ji\jMMB : WQO\SMMjV\‘L’S'
lA
(0D A
M> ] A uB U? 75
> —{ -1 N A
Us
lo> T Us ~ A
lod y 4 R
M) * R

Note: i€ we wmeasyre 7ub,~t5' ,Oari way ‘tb\rooy[,l
cirtuit, then feed FeSMli‘fr\j COM}aM'bofL‘;oma(
basis stCate iate remainder o€ circuit,

we do  nol necessar':‘/j gel same oubput

(EJC@/“'O:\SQ } construct an exa A Le)

This cuts To the hearl of the
o(r'ﬁcer?nce bet ween clossical pro/oa.é}&'gtic K
Fuan £ un colmlou‘lfai‘ion.

Nobe: We can restrict B ferform?nj all
me aSurements at vef“\y end of the circwt

withouwlt [loss o7£ j?me/‘ab'#y.

Exercise: Prove thuys!

(H 'lr\z' ; S';mula'be Cowm )mta‘z,L;‘avza[ ba; rs
meo surementlt “S‘"’lg a CANOT jofbe.

”Cob\ef’&nf e Q $'tA/"ew\e,ni‘“) 11



Are the e Mn]versu( 71,ww\‘tum jod,‘e se'bs?

")’A,e,o —€ v

{u, ) ué,vo,,; s a  wmversal 7uantum
ga'[’e, set ) whevre (/{, incdudes oL_[[
Q;Aj le - 7ML5‘[’ tan, tavri es,

T.e. can 3enmi'e qmj l/m;'é'ow‘j sulz2")
oNn  any numbes~ of  qubits n.

(Uv\{-‘ov'*i'umate/) we don't have Time B prove
'('AAQS in /ectwr-es = ( See r‘é&t"%(ﬁ)ﬂ)

Bmt tLvTS‘ (70.'#6/ S'&t wn'{,LouiV\S an (ancoow\taé{y>
M‘Finii"e H ‘9q£'65‘. Are there €n'te
vriversal quantum gate sets?

Problem 1 there ore an umcobmtaéfy_ infinite
HF unitor~ies Qe on a ;‘;.1723. 7015:'2(/'
(Cﬁni’?nmc)uf 'Fam}[;eg, ez?, g"zt) .

Af\y finite jqfe sel can an(@ g%aro\‘f‘e a
cow\taééj ivlinite B of unitaries.

Howeve r, exaci'/j_ geresnbing all untares
icn't hysical anyway. Ln real, t , we
{" V e ) J
OMJ ex,ooc;‘; {?) alopf‘éxlwzai‘e oees:'/‘ec/
M?\.:t ad:j , 12

can



De“F (Apr%?mai’é lj Mm;vel“ga[)

(ote Set {UZ ; 'S _Qflar'oxbmoui'e/j_
univer—sal i€ VV\) £>0 &£ U ¢ SU(Z")
3 cireuit Hc C,ow‘,oosac/ ol of fu‘); S. ¢,
hu-u ) <.

T)’\&O r-wv

{ H/ T) u&”DT‘} ES alfpr'ox;mai'ely (AV\;\/e,r'SaL)
whe,e

H = 71‘7: (; 47) "M adamard
T2 (o Som) T

(We won't have Ttime to prove thys e, thor ;_()

Problem 2 Some (ac‘fuallj/ almost all!) unitarses
Uesuz®) reqire L2 (27 1og("4) /logtn)
ja*éeS‘ i‘o oulpfl‘onc7mafe Ta w{f'f\‘m L.

Exercise: Prove tigs!

DOQS i’L\Xg meown Q:c’ﬂonQni‘fq( ?uani’b\w\
s,era! “ps Like Shov's q{gom‘%m , let alone
Poéynomfa[ Serﬂl“)DS L ke Grover's a{jor;i'l\m,

a’ef%ol onN Ltauw\j e:cacltlj %Ae PU’A‘[I jq‘/*e
Se’t? —> Mo ! =



Yheor-em (Soloay~ kitaev)

Let G, be an qur-oxjma‘i'elj univesrsal
\?q'f:e, Se'17 c(oged Mnoler' (nverses (Z.e.

Ue ¢ © U’ e 6l

et G, be another~ wunjversal jai'e st

Then anj ciramt constructed From T
JO\‘L‘G/S in G- Can be aff/‘o:cﬁma‘t’ad To
ar_\j Jes’meal fr'eo{s;om ¢ >0 L A
circuit with O ( - poly ((03 .b/i )) gai‘e;
from Gy

(And there s a /Do{y'- tinme classical
a(&on'il\m o Comstruct;’}} Ths c}roW(t.)

The §olovoj-k:taév Thm. is crnaal  n
estqbﬁswy +hat  the run-Eime of
7MM'L'MM Q l(yd/‘:' thwms is 7:40(2,0 endent

(u'o +0o POB /?j *PaoiLoV‘S) of The C‘wace

of (701‘6 set —> Compzex?zfj ot 7uamfmm
circmts 75 well-defined ; even polpomial
S'/oee,olo\)o; are genlﬁme , not an artefuct
of the choice of gates.

The proof of  Solovey -kitaey is beautital
L o~ -TtrmiLial — P/eaS'Q. go and read ;t
'{-Bw ‘yow O wn P/éOIS‘(/W"e 0“"61 Qol; ‘A‘Cﬁt/'orl,’

14



(Brief) Tntvroduction B Comp (_Qx,‘{;y T[,\ea\,.y_

Comp (.o,:ch%j ‘t’Lso.og is  the r~igerous
Ma\ysts of the cOm,oui'di’»'amaJ reCowrces
(s”oqc.e, Time, . ..) vequired 1 solve a ’omél_a,w\.

Mo./\e frec) $¢5, (¢ Concerns {—L\Q Sca ij_
o‘P 'ﬂ\e WRSowrces as a *oam c‘t‘t‘ on oP 'f'l‘ﬁ
si2e o‘to H\e froé &m .

Cow«f wktatilonal Pwoblems
amounl o‘F tn 'Srm alton

13 s'fec:@ proélz—w'

Phoélem Slge =

E:_? .

Fad[‘ov-u‘:»j_p ro blew
_I\_m'DuT-' n € /f\/
Outpul : factors of wn

Preblowm Size ~ & of digits in o~ log@)

SAT
tnrut.‘ booted«n Q.‘LPN”——“S;M Mf;':‘j vars th'};
operations A v, —

Out put : g\/ﬁ's € J values by € 80,1y st.

e X pression evalutes T |

A/O o'f't\o—rw; se

15
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OIQZ‘eV\ in'l,'erestea’ n o’ecf;%om /Dr-oblemy -
prolews with é;naj ouffut YES o NO (1 ov 0).

Def (Decision Problwm)
£: 0,1 —s (0,1}

in fn/t' wilten /‘b;"“’j oulput
as b"t—stﬁ:\j

(IV\ Lfm‘bwe, ofte, seo feyw'molojj
”LM\?U\%C“ [ = se ¢o, 1'()’*E - fls) =1
/" Decj A:V\j i‘ke [Mjuaje:‘ = So,tr}.:\j G(QC'A\S;W P/\oé/am)

Com'outa‘/:;omo-l 'Omu.oMs' d]c'l'en howve na‘fwa(

eunVqlemt decsion \/Nv'M'fs‘,

AN

will vake s wyofws (ate, !
E. 9°

F“C+°’4"j_ (decision vavyant)
I.A'OOIL'-' n, kR € N
Ou‘l"oui’.‘ YES £ wn has factor < R
Mo othorwise

E xorcise
SAOW 'Zl,"/\dt ]'p JOU\ Co-n Co(ve -FqC/toHc:\j oleds;om
PNLGw« , you  Can also find factors.

16



CO mf(ex ;‘ly c/as;e;

C(QSS?{:y COIM'DM'['O»t!‘OVIa( pmélew.y QCCOWCU‘/\\?
fo  compufalional reSources V'e7w‘med To
SO[UQ thaon .

D eF. P ( Po{yv\om‘.al—ffme)
Decslon pvroblems solvable . ith
Po{ymoMaL — SFZ'QJ (c/aqu'ca[) C—:/‘CUuir

(Pro blem size n
—> # gates W creut = OCpoly). )

EDCMPLQSI O\o‘a!i‘ﬁon, w.ru H"P L}ca‘é{m'
COM)OM’L‘;\T] el:jen va/was‘,

Pr;maL‘ij ‘["Q.;i‘{v\] (2000)

\//‘ zymorg VLGMQ,I
D ef MNP (nam -ale‘l‘aku'm'g{.'c ,005 ! e )

Decslon pv\oélems‘ :

it onswer~ fo  problem :V\Fut > Tc !

YES .

3 polywomial=sized "witness" w € £0,1Y
(2 Po\[yﬂovw;at ‘5;220’ ',VCJ‘I“C-I'QV"\ C—t\i‘Cu:fb C
st. CClx,w)=1

N6 :
V witwnesses w | C(x,w) = O. o

0!7 W)



Think of MNP asg gare bLet wee,,

all - po werful ( but wfms‘fwo-rﬂ'y) Merlin
°W\(! [955‘ Fo»«znqﬁl Ah‘ﬂwr Who con o-/\Ly
r—n Fo{ynowv{aﬁ ~ time Cd'ha'ou'fa'f.’n'o-nf-

b

Arcther asks Moalin nestion .
Meaylin re,ab‘es with answe~ VYES/AO.
B\A‘b Art’fw-r' OIOQSM 't ‘é‘mg‘l’ MQ‘/‘UV\ , €0
Mw&u\ q’;o JWQS Ar’tlf\ur A sim,olfe
Cfo{y — e c,[«zckalﬂle) froO'lc w that LM‘S

QAS UWoyr— 1S corvrect.

/\/p 's c[a\S‘S of au pmé/swus Lor Ll

MQV"L;V\ Cown COWN A NCE Av*\tl/\,wv' 0‘6 a

YES auncwer— (Jw), end <conncl Erick Wm
'w\‘bo Lolie win N Wrotj NO ansue, (V w),

(No’t‘e a\sjmw\e'fy betwee, YES R NO.
Class co-MP T is v Stvallor-, but with

—oles of YES & NO Svaf/)eo(,>

18



_ " probobilstic P
DQ'P, B PP (bouma(_aol-ewrt)v‘ ,oo&-f.‘me)
Decision PNL[@W\SZ
d polj—s?zeol preb«biU#fc crewst € s.t.
> % YES instance
< 1/3 NO instance

Pr (C outputs 1) g

Mote i Probs. Z/g, 5 qrb\"br*w‘j. Could choose
1 1

1
— . s 1 _
1-¢. £ fov- 2y g = £ 3 polyln) *

)

L xereise
Prove class BPP s ?malepwlo(am‘t of

cholice of £ as above.

» " quentm p"
E BQRP (bowrdad-e~or c;.fo&-'ﬁu'me)
Decision Iomblewxs:
= Po{j"'s‘;%ed ?Mmibwv\ Circui E U s.t.

PR > % YE S instance
P U output
d C tﬁ s 1 ) E\( 1/3 NO instance
< RecaU

P (U Outpu\'{‘s ”1“) Jinput |x —50!&"5;9 malbz [ X

4
= G[Tti® L., U lxXx|ut]
= <= |ut 1'% 1, . Ulx > >

&w(oj ou‘f’fuf 'S
given by Ist qubit

19



DQ‘F. M A ( Merlin "Aw'thw-)

Decislon problems

d poly~§?zed ProtoqL{L.‘ci-ic vemfier~ drecud C
Sa'[:- it omsSwer~ on :n’Dm't' > 's .

YES .

| po&-sized witness w  s.t.
PrC C(x, W)= 1) =3
NO :

v4 infv\f QLLP;VIJS‘ W, Pr( Clx,w)= 7) E;L
Mete: ogodvx, 'O.robs 2/3, 1/3 aﬁi‘z’:mrj.

T.e. F/‘oémé'l'zgy oFf cow/‘ec‘t} qcce,o-l;.w‘\j

ov- r'edec’&mj the \/;tme;; 1S >/ ?

20



Def. @MA ( Quantum Merlin —Arthe)

Decislon problems
S| Pog~s‘7£ec| ?ua.n‘i'wa ven G er drcadt U
st. if ounswen~ on (classical) }n’Du'[.' >x is .
YES .
\ . de("‘)
3 Pozy‘Slged 7MMTlAW\ WltV\eS‘S‘ ’w>éC s.C.

N

P~ ( U ou'fpu‘l’s “1° o "V\fuf 1> W) ) = =
No
V/ sTates }w> )

/ 4\ [ 1
P~ (C U ou'l"'Ou‘l‘s 1% o M,ou'(: )>c>\w)) < =

Mete: oé?cdn, f.robs 2/3, 1/3 aré?tmrj,

Exereise (hard!): Prove tlus .

Tl\js‘ cony— e Co\r\o’ aP’oL,‘CafFOV\g O'F quantum
Cdmloui‘ ;"_9 (n gener'a[ -»/) 'S /ow""(ge
conce/rnec/ W;"L’L- @P'P) BQ }O £ ’bL\e
AdiLences between them.

21



Reduc € ion

[ets us Compore o{f-FF{c“(‘by_ of
A tF erent COMfu'i‘atiomaL ,omé(.e«wg,

— f";?w‘ous\ly 56:7 'Dro!o[em B ic harder
t”\W\ Fﬁoézﬂw\ A .

\

/," karf V‘eo’uc‘& fov\\

Def ( Poly~fiw\e reductvon )

A  reduces T B if
o hrap A — B

ins""w\ce — 3 instance
a b

.. L) L\as OAS L Cr~ YES et
a has ansuwe~ VES.

&0' map A— B Can be Comlou‘i‘eo! foj
F°§_g"2€ et

‘I\e. Con Sole A bj 'fl\av\S‘(cormfmj
£ into g R So/lﬁv\\j B-

Write “A < B

A<cB &
me‘i’e l

-~

BsA = A B euivalend
A=R",

22



Det. WP~ hord)

Problom B s MNP~ hard g
V A € VP A < B.

D et. (NP- Ccov-tlol.d'e)

Problem A is /VP-cowpf/de i€
A€ NP-hord & Ae MP.

N P~ Ccmp(d'e fmélams st oydest frabbwlf
(n .A/&Dn . s Jou can solve one

yoo\ <o S‘O{VQ ,LLZ A/p ,ONLZQJMS'

/

Define QMA ~hard £ QMA — complete
ama\lojousb.

23



COM}o lei:%j ZOO

Rela tio-/\s‘lq,a betwewn £, NP, BRP, QMA
iy oun op an PNL&M .

e P C BQP (classicad = ;fea'a( <case &F
NP € &GMA 7 ULt )

. P X NP infamous ! § 1,000,000
C P2 BAP Tore quentumn computers usebd?)
r BQP .;@MA quw\%w\ P ovs. NP
‘ A/Pz"3 QMA  wnlilely

G'Q-V\G—f—a(. bﬁUe‘P. -
QMA = c7mplote

\ {sl«oA

CZMA' ’Lar'a’ WMW '

24




... but

could be
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