Looal Eﬂcodinjs n a Swé;,oqce
Se €ar we |have r’eqw'red the entire

?‘\35545‘ of the mitial ond #Wjeé
g];*icm to wmatch ',alen{foall\.,,

On ‘tlf\e o‘bl«s&r b\anJ’ we L\ave o "b

S'do'a‘ O\ﬁj‘kb\iv‘y obout lbcali éj on the
‘bauyet iyfte ) of *tle j ~age of

(ocal observables on the inctial &f‘&cm :

Tt’s mea/\'-r:jﬁul, b relax the rejuivemat
3 le«'l,’ly , and refiise all  tFhe /)L:?so'cs

45  Le re_f’eco\‘fed within 4  speer Ged
;u\bffﬂcc of Yhe full i'ﬂvj et Hilbert

spece,

This is easy and  leads Jireaf@ to !
De<f (evxcoo'i:, in a Subspace)

S(Mm) = Vv (m®P @ n®7) Yyt
where V is  an isowmel ( instead
of haviﬂj to be o full unf‘f«'é‘rj).

No'bei

£(1) = v’

V = prejectsr ebe the
;uppof‘t of oll E(M).

/Va-}e-‘ av\J 7Mo.nt'v\m e yvors corr-Qci';
cod& 'S 3uél'\ (s} Su’oifa.(‘,e, Gmcodiuﬂ, w! lﬂ V
the encoding isometry of the code.



More i nteresting is whern we odd
LM(H:) - preservat jon re?w’remfzw ts.

Def. (Local encw'.'«y in a subspace)
Encoalinj m a subspace

2: Herm (i@ MH;) nerm(é 74_;.)
Loca\&"liy ~ preserving !

V A; ¢ B(NH) 3 A, € P(H;) st

(A, 012) = (Al@1) £(1)

Why wot  £(1) (4 @1) £(B)7
Doesnt  wmake a.:] A, €ference :

Lewmima
V A; ¢ Herwm (7{)
(Al @1) £(1) = ¢C1) (A 6 1)
= §£(1) (A @ 1) £(1)
P£

(A e ) )= E(A 01) = £(A,64)
A, UHermitian
€ Hermiticty- preserving
= (a'e1) c(a)) = £c2) (Alon).
Now vecall T(H) is projector, so £4)* = €C1)
a



-Lt ‘bwrv\s owt qnj sotc‘\ Ioc@/ anadiy
1S 67\/\;\/4 [ent 'bo a ”'f/’ensor frbduct“
of vndivadual emcodi:\js of each wwf"ﬂ%*

Se,bva'te{y:

T hw.

S is locel €€ 3 e,\coal.‘ns
st

@.: Herm (H;) — Herm (H;
E(® A) = (& 94)) £(n)
=1

=1

P
o""r\\ .

345) .

7] OV"J ;f“ :
Let S':L C H, be subspace amihilated
'::7 ZC]L), i-e,

S span [1%D: g(q) IYYO L = 6}

Take €. (A):= TI; A" LT
where TT. = Prqjad‘tor onty S: .

MNeote:

(TG,e 1) §¢4) = (U-TT)o 1) £

=(1®2) <) = £(1),

and $;m;[4.l’")
cU)(T;eL) = £¢2).



So
$(A; @1) =2(1) (A, @1) £¢1) (Lemma)

=2 (e (A e 1) (T e1) (1)
= (T, ol) (4, 1) (T, L) £(2)

= (T AT, ®2) £(1) (Vote)
= (@A) ®@ 1) £(1)

Similaf-l)

2(A4;,01) = &) (®(4A)e 2)
so [®(A)el, £(2)] =0.
Thus
£(®4) = L(TIUA @1))

| =TT S(A 1) £ enading

= TT[(e(A) e1) £(1)]
:(7:1(«(4;)311) £ (1)

LOMmhte:d
( jector
=(® ea)) gy “P P

as r'equireal .



Remainsg to show Y, are encoa'n'vs.

* K (4) clearly Hernid 1 an

¢ @A) @Y commutes with pegector €(1)
> spec (L(AD® L) E(L)) € spec (4;(AD0 L)

!
s(y) = e o \
o o /
2, \
Geayen = [ M| 9 ) Ivig
‘A.
l);
0 ‘-.o / ,,*>,¢l>
(4]

4. (A) = TT AT, > sepp €;(A) € S,

Consider el’gvecf 1Y e S: of €. (A))
with asseciated eo‘ngl A.

1¥Y> @ 1> simultaneous cv‘gveci; of
L) el & £(1)

S ¢lU) "W Ip> = O or |41



I€ ()Y 19 for all 18>

= ) 1¥> el =o
S I¥Y> e 5':' controd) ction

3 1> sk (1) 1¥D14> = |4 1e>
> A is also an ea‘jval of (Q;(A,-)Qﬂ) Z(j{,)

> spec (C(’;(4:)®Jlls) < spec ((%:(A) e 1) i(ﬂ)/e(l )
; )

Thus spec ((€ (A 1) £(0)) = spec (4 4202 _)

5},@4(%(4;)/5;) = spec (4 (4@ L I,-,)
= spec (€ (4)01) 1) )
= jspec (Z(AJQQJ)I“M )

= spec (A;)

K, Srec‘lﬂ'um fﬁeserv-?nj.

« 4 (2A +pB) E(2) = €(AA+pB) OL)
= 2€(4,21) + pE€(Bow2) £ encoding
= [(2 GCA) + u € (8))® L] £(2)

3[40 A+ 8:) =24 (A7 pt: (b)) 01 E(X)=0O

M :




@ vreal-lbnear if we can show M =0D.

But Mme l cormmutes with i(:ll)
whilst M has wo Shffor't own S'L.

Similar N‘j“m%t by simultaneouns e{yve&fs
as above => MEPL =0 = M=O

‘f; real - Lnear.

@ s an enood:nj, as c/q.’w\ed.
O



The, .
g: B(® W) — B(® M) is a

=1
local e/\aodu‘v:} i € R
E(m) = VIMeP + meQ)V
wkere

e V= ®V, for isometnes V. :'H;@E..—VH;

=1
e P,Q or{:hOjonal f:n‘)eators on E::@Ei
Vi 3 ovth OJGML Projea‘t’ors P;_ , Q; on Ei. s.t,
(P,oe)P =P (@ ®2)Q= Q

We sa y P p Q oVt o' /ocal/fj di st :«jw's‘ml»/e*.

”ht“i &QSy

"Dl\b ;-F“ :

We have tTwo ways to choracterise local
enad:yx now'.

As an encod-’nj N a Subs'/oacc:
$(A1) = W(AGLoP +A01od)W

= W(é;@ﬁ)W+W(ﬂ® i’)‘fﬁ
rwAdeDwhw (163 W

=: \M(A;@l)\\/+ P"" V(j:@ l)V+Q'

+
w ' W (()® W
ha, e g'; v((llllébg))wf } or‘f"\y s (1)



As a "tensor pmduci“ of emcod.‘sz (The) :

"‘fi (A) = V; (A 0P + II, e R V+ ev\cod)»:y
sometry V;: H; ®F — H,

Let V:= @ V;

c(A 0 = (€ (4)8 ® @ (1)) (1)

J#

= V(Ae®P @JL+A®Q®JL)VJ'
- WUeP y 1@ 8)w

= V(AeP ®1L+ A0 tS?,-c»aJL)V’L
(P + Q')

= V(A ® 1)V aeP) v P'+a’)
+ V(4. @ 1)Vv (49Q) VT (P'+0’)

=: VA4, e Vv? P p’

+V(A ® DVyT P Q' (2)
+ V(A; ® 1) vt Q. P’
+V(A o1) vt Q. Q'

where Priz V(1OP, W & := Viuxayvh

Applj'w:} these to A; =il :

‘3 + + .
g (i) willw P - wiltw Q

iP, -.‘Q: .

b

\



(2) » . L
D= PP + PR -i&GP - &P

Ident*@w? i eigenspaces ¢ recoll.a':j P)G)':O
3?./2;:

P’:";:-P', Q-:Q;Q, §;P':§;Q’:O

Thus (1) € (2) >
wiA e w! p' = yca,01)vEp

viw (4,0 DWW waep)v? 3
= WA o) viw (1ef)w"
using PP = P, Pliz W(V@P)W

Viw e P)(Ae1) = (4o v w (e P)

\
N, NS AA

M V-"V = W"W =AU sometries

M (A9 1) = (A;@]D/V\.

Let M= 2B, ®C, be operator Schuidt
decovaos.'i'ion of M,

%g [Ai, BloC, =0

S VA eM, o [A,B8])]=0
usﬁnj Lneor l'nA,efemo'enc,e of [,0Cp.



Sc,lnur's' LQMMG
V AeM, :[A, X] =0 3 X 1.

'—er\s weé l«ave Vk Bk < 1
> Viw (1@ P) = m= 2, 8, ©C,

For-  Some 1So Me,‘l'l)

S-;M;lafly’ \/
Toke P:= {‘/’,3"0'1" & := \7(32"\7“'L
Thewn

E(M) = £(1) €M) £c1)

c vwwiwimeP + Aaeg)v vt
‘rom (1)

= v viw (ze 5)(,«49 1) (16 p)w v’
=10 v _1@??1’

+vv*w<1eai)cmoﬂ)(ﬂ®a>w v
S9e v =n@Qv’f
Vv Mme VPV + Ae VEUHV
s V(Me®P + Me o)V
where V:= C?V;

]

11



Fiv\auj ,
v '

P, P - P’

v(le PIVI w(eR)w = w@er)w
(Lo P) Viw@ae?) = viw (20 p7)
(e P)Wo VP) = (1 VF)

(16 P) (10VP) (1o PV?) o
= (Lo VvpP)(1ewp V)

> (1eP;)) P = P.

Siw\.‘lw!), Q- @'= @', P.a=Q;P =0
S (e @)= Q
(1aP)Q=(l® Q) P = »

So P £ @ are [ocallj da‘S“}‘;‘ryu«'Sb\aUe
as requjreJ 0



Sche ol ;callgl Thm., i MPL'eS
Wafiv\j; look Like '1«4\:'5 ’

e = (1)
@@A@

G = @

=l

Jocal



