Lecture,éi Hamilt onian Simulation

S0 far, weve seen Two impertant classes
of 1uantum Qljorit’lﬂm . QFT —bqseJ, . ¢
Q“’lf)utkde"qmpbi*[—{cat;on-ba;ea'. The former
Jive laq,e Ffe—ﬁo'urs ovey (krwwr\) clangcal
aljor-a"kkﬂs, but applicalions seewm to Limited
b certain 'E’Pe.g of problams that hove
important applicalions in C':7Pt’\7r°f“~7' but
nt wuch else. (OF conrse, this could be du;e
to a lack eof ;Mv:ﬂatt’mn so forl).

The other class (Grover etc.) can be
q”l,;eal mov-e Lroaa“] t mony z‘iwe; of
abstroact search Froélem (and more besides
which we haven't covered — see (teratwre).
But oulj offers a wodegs} Cf‘noug‘ sty
pof,'o,n'bio.lly useful ) quadratic speed up over
clagsical.

HaweV@', there ' S ano‘fl«&r- applfca‘él'm of
?aantum comput '."j wineh Pro-Mfses’
exponential :fe,eo‘ ups Over (hnowvn ) classical
4quritkms Cor a (cu;,e class of PMthca”J
imfor-temt Prob[ems ( and the qbora’t‘/\m
is  Simpler thon Gvrover K  Shor To boot!):

S'imu[efb;nj quohf'uw\ Olynam\'CS-
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1. Hamiltonian Simnlation

Ma.:j - ’oaofj 7uamT¢4w\ Sjsfew. :

®
o MuL‘t’c‘,oartft‘c Hilberi’ SfaCe H -’-"(G:J) "
eq. pari‘icl,es with spin—s (d = 5%9)

o Local interaction Hawm!ltonioan:
h= h @l ., s<Cal
1.e. ['\ acts “P\ov\-— i’r-?v:'o.l%“ on9 on
subset S of the Fart,‘(,les

We say that interaction h {s k-local
l‘F ’ S, — k (".?. l/\ a.c,"[’g Nnown ~ f/\'\;.‘a/5 e
k 'Oo..rticfes).

Mototion : Often wuwite " L‘s“ = l";® ﬂ[n]\s ,
i.e. s..«bsc,r)'of indicates indices of poviticles
octed on , J on vest s ;mf L‘O-"t .




DQ‘F ([Q—loca{ Hoam, (toran)
H = ZL‘J on n 70\04»'#5 @:d)‘gm
J

e S'a:] thol H is a h-local Hom)ltonian
(0(/“ ”H (s k‘ld(d[“) 2( V‘)' I"\J (s < k‘loCa(.

.I' e, k"IOCa[ many — baojj /—/aw\)ZZLom,{av. maJ.e

£ Zq"f‘ef\adgons each imvoMMj at  wost
ke qufu'c:/QS ;

Exowv\'o LU ;

4 SP;V\S on L‘V\e w;"H, V\ewes‘f-nﬂdjjb\bour

n-1
:n‘iemdffov\s : H = ZA
=1

"et+1

¢ $P;v\9 on la't’[‘ice

e~ H= b,

<“U‘> J
K meo:j)n Lowrs

G @ —————

/Vo‘['ef Iy\ jemor’al, Nno M-nalerbv:\j gcaw\efly

= no vegurement That

ar-e 360 IMR“[P-}Ca[? local .

local ?m'tora(/fl‘om S

Physics terminology: ‘h=local = k-body"
L:v\‘t S\buck w;{:L‘ ”k"ZOCo(“ ow in QIT.

H= 2 kL k- (ocal
J=1

= at wost m= (;:') = O(V\k) [ocal t&"'""ss L‘J



Poblem ( Hawmiltonion simulation)

Iaput: R-local H, [¥%)>, t, §
Output: | %> s.t. <H1¥(8)> 3 1-8
where |W(#H) = e-““ [ %,>

As stated, this problem s inhereatly
quan Cum 't takes Gu an fum n’n,cu't ""')
and produces quant um Oui'lmt [ YY)D,

However, i f JY> has on effic eat
classical cescmption (e.g. product state;
au'l'put of P°£7";2°J = e-FQ'a‘Qnt{y clasr}colg
describable quantum cirewit), &€ we oask
for outcowe of some efficiently describable
measurement on ['U'Ct)> (e._q. (ocal observoble;
campubational basis), then this be comes o
bona - Fide wmpu‘ba’“ov\a[ fNL/cm-

Simulat"g the ofynawuics of a quqm‘:um
Mavy—bolj S“y.ctem on classical cou-fu‘ﬁer:
s not'ow?auslj hard. Best algor\"l’kms' known
For general H are exponential - time .



Except' for sowme Pari‘n'cular alasse,s of
Homiltonian, ewn henristic ealgorithms
(ie. aljora'ihms with no rigorous
,;arfohmmce orr correcltnase 3uar¢umi—e&s)
pw'('orm foovr'{y tn fr-aoi‘u'ce on JMO—#M H.

’:&"’V\M‘W\ C7‘f32.,' 1985] Suggested q«antuw\

{yS‘teMS mMa r'e,m‘r'e quntum compater's
to simulate them eF‘Feci'.‘ve{y.

[Llojd ’qQ6] made ‘t’k;g tdea r.'jorous'. There
hmve L&en Many._ Fm,ortamt dcve/o'ame,nt;
SIince. i’hcn, K stafe —of- the-art Sivunlal on
aljorfﬁ\m: with oft'{mal run~-%ime are
based on very od'fferenl ideas o Llojo"r
oriqival quoro'i'l\m (see

[At?or'anov R Tagh - ma ZOO&J,

[Be.rr_y, Cleve, Ahokav, Sanders 2007'.7,
Cchilds etal. 2012 - pre;cnt 1,

Llow & G‘wanj 2017 ],

EHoak, qut?':gi, kot‘\“l"l‘, Low 2019]),
u.«f‘ortunqt‘elj beyond the scope of this

Cown/lSé, )

We will restrict our attention te the
or?jinal Lie-Trotter-Suz ki -based effro»/....
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Theorem (Lie-Trotter ervor loounJ)

For A, B Hermitian,
| A8 - S4B < 2 payf-pei

Proof
NMote

-tAs 1(A+B)
o;is (ep S'e S)

-t : ) -4 :
= W’ + ie"' ’(/*B) QL‘A*B)S

et R LArB)s

S:m.tarl_,
( i1(A+B)s -;Bs)

(A -
I L(A*B)S(A-r,a’se -i.e“ +B) Bels
x’ ex cow\w\ut’e

t(A+B)s -1 8s
= ;e Ae .

Using these,

y A - ¢ .
i e"AS el(A-c'B)S' e'th)
ds'-

-tA i (A+B)s -.B
- j‘!' - sBec( + :e s
3 e-iAseI(A+3)se-iBs B) 6

-~



- Al e;(A-rB)s o i

-A (A+R) -
i sgec + sAesB;

""A e-'A$e|(4P8)$ 2'133 B

_ a-:ASQ;(A*G)SA e-t's’rs

$o
| i s || < Al el

Jl < um’i’am‘ly invariant = [Ie;”//;I

Thus

" ei(A-:-B) ‘A e:g”

- e
= ” g';A i(4+8) e-iB - 1 ” A t'ury invamanc e

|

4 ’

< AS.LA ” :‘,_,l_sft(e-ms JRIZEE e-zes)”

e

24T/ ciAs  i(A+B)s  -i8

[ (& 1A i) das
o

S

i

L

gjoas'j;n, k WAI-lel = 2 JAI- I8l _

U;‘uol Proof o'F L;e-Tfoi'ter error bouna’
s bﬁ Ta\c’lor e:chndinj QA, eB, eA’B and
NAl
e ete.

BOuno\;uJ terms of order =2 L:j
weor ks er duj A, B , nel qut Herm:"f'iam,
bul Onlj J;VCS r-t'e‘\t ;&aL;na fov "A‘n, "B// é 1.



Coro llm-J__ (Lie- Trotter formula)

b oo ( eiA/lv ei G/N)N - e 1 CA+B)

N=00
Proof

“( eiA/;v eiBIIV)N _ ei(A-' 8) "

< “ 0 i (A+B)/v ( e‘.A/Ne;y”)N-" ;(44-5)”

+ 22 1% )
Ar’!y;nj this recurs;v@_’y A 'L';me;, we obtain

”< eM/"‘ e;s/n)" _ e:mw) ”
< ,’(ei(A+8)/N)N_ e:c,usm” + N,I%"A”."g”

= Z DAl HBI —s 0 as N w. g

Lie~-Trotter formula qctual.ly holds Lor
any A, B, nol Juft Hermition (see above),



Lie. Tfott e/s -Formu la slaows . weé Can
appro x:male time- Qvolu‘h on é""t under local
Ramiltonion H = Z ‘4 bj o ;e?uence of

]

J= L‘ﬂ'k
small " Trotter steps (TL' e /N)
J=1
We know this couverges to the exact time-
evolution e-'Ht m the LwmiF »n—wo,

To ana(’s'e the error for Hnite n, we
head one wore L[emma, which shows thal
ervors only accumulate l:near!y in quantum
circuits:

L@Mma
Let J|U; - V:)l € €. Then
| Oauy -~0, = V, V2 ==V, )] € ne.

Proof

” U, u - v, V” = ” (U~ vyl u - Vv, (V‘U)"
” U1‘ Vq " + ” U - V” hn:t'arj mvariance
= ¢ + [Ju=-vll.

Applying this inductively with U=U,U--U,
Vs V, Vs VU, \7;v¢; the ~esult. [



We cen wow frwe an erv-ov bo«uJ for
QPP ro:(-?ma-'b-'my time - evolut ion 63 fnite
Trotter steps:

Theorem

Let H = f h; with ’“\,” <€ k.

j:‘!

” e-.’nt _ JT:C: e-:hjt/N>N ”;_o(mzfztz)

Proof
-1 » -7
| e - T e
< " e-'HT _ e-.(h,-f"z)‘t j,;’e:;lb'l'”

-+ 2 (K‘T)z LJ L;Q'Tro tter ervror and

< ” oIHT _ ilhirhevhy) T s e.:z.j'r”
J 24
+2Kk*tt + 2-:2kT)(KT)
T i1a,#hel € 2K

- G ThT -
< )T STV 4 2k T
J=

IN

£ 2 Wik Tl
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” cHE (47T e-:hjt/n)” ”

J:1
. <3h: N
- e @t - (T )
o " b
< N ” oA _ E e-.AJt/,v” “‘%ﬁ,:i“}?“
S N- 2wk (3)° by above
2 v kt?
= Rt

Hdmili’mﬂ;an Simulation A(!ON'\':AW + A'\GLJS:S

Athox,:mate time - evolution under N
uh‘ng Trotteri zation.

2
—> error O(M::zé) bg above Thm,

-i‘\j*/n

Eoch Trotter ;i’ep e s & untor

acbin3 on ot most R qudits (H k-local).
it/

We can apfr-ox—?w\abe ea&"\ e Jt/ to error <

u;inj O(_L03‘ il) jat ef, ’oy Solova_y - kitaev
Theorem.

— additional emor O(N Iaf'/‘-_), La ervrov

accumunlation Lewmma,
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Total ervor = 0 (M?;szt‘ + NE)

To ochieve overmall erron~ S, Take
m? kt?® S

n= , & =N

3 N
Reecoll v~ = OCN"’) For kh-local H on n quo“ts

—> Overall run- i-',me OCN 103’ )
(}g R p2 e log (nt’k))

Imp rove mants

6& (ASI'\J l'\dﬁl'\u' orde— Lie- Torotter = Suzuks

fFormulac, S'Cd\ldnj con be improved Lo

O(t""’"’) in t.0 E.9.

Exoruise :

Prove

| A% o8 42 _ JiCAB ) o a i
and use this teo oblain a Howmilfonian
Simnlation ﬁlgwqtﬁm That infrove: on 2.

Mote : cannot do better than O(t) o we
would be oble to "Past~ RBruord" any quantuim
evolultion = contradictions. =



Stote-of- the ~art olgor—;ﬂ.m; are based on
AdiPterenl & wuch wmore S‘ofk«'s"l‘?ca'l: ed
’Ceot\'\n'ques, which achieve f&aéfmj i  all

poramelers that ;s e:;u‘b:olb afjmftot'icallj
oft;mol. Howcvcr—, Cﬂnftant -Faciors' are

very large.

Modesrn  alg orithms  also Jeﬂeralif& 1090'\0’
k-local H to Spasr-se Ham: [t onians :

Def (s-sparse)

Motrmrx M s $ -~ sporse £ it has < s
Non~ 2a/~0 e.,‘tries in MJ SoOw or COL.
Problam ( Sparse Hamiltonian gimulation)

Toput: H  NxN, poly(logn) - spesse ;
4,5 &,

Output : 14> st. | 14>~ " Iys)ss.
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