Lagi’ur'eZ: EFirst A@dr;%ms

F! rst 7uaw‘l’um a@dP;TL\MG' Jad’e baol( 15
1980%. [But [|et’s warm “P with an
older, classical o {ydri thom. Muck oldor
About 2600 years older, 1n fact !

Eo\clid ’S A'IJo/‘i thwm

Tapwt: a, b € 2
Ovtput : G<D (o,b) (3reate;'t comm 00 divisor)

First ever (known, wnon-trivial) Glgort'tlm.
LEuclid, "Elemants, Book 10", ~300Bc]

Euclid ﬁc'l‘umlb used

A/Jar;tkm: repeated subtraction, i.e.
1. while b#o0 1. while a# 64
2. t << b 2. € a>b
3 b &~ a mod 6 3. a6 a-)
4. a &t 4. else
5. return a S. b & b-o
6. Pe'l'ur-n A



Exercise :

Preve Euclids olqorithin, is covrect,
and performs O(lg b) divisions.

Use this T8 arque Gcl) is in P

Exercise (Exponentiafibn bj ;‘7uar:n9)
Prove that a” caon be covaw{;ed
MSinj O( loj n) multiplcations.

Hing : TrJ caloulai'.‘nj 13dl bj hond
Cice. pen R paper " only, no calcuator!)
Dd a"y ghort Cu't; OCCWnY +o Jou?




1. Deutsch-Jo25a A (g0 rithm

Firest 1mM‘[’mm algorithm was due T
Deut sech [ Deutsch 19851].

Frrst e:cqw-,ole of a coMfuto'l'imal Froé/e-w\
where uantum Cowm)p wters ‘wave a
comput-ationa [ quam'L'e\Je over classiecal.

Pick up The story with [Deutsch-Jogsa '92]
wvhe ch ‘mfraveal +his o ke:t..pov\en‘é:‘al amet'aje.

Problem ( Deutsch- Jozsa)
Input : Black -box oracle

f: §0,13" — {o,13

PPOM.'SQ : 'P either~ comz‘t’av\'[ or bd/ance:/
constant = eithe~r WVx flx)=o0
ov— Vx £Cxx)=1
balanced = [§ x<: £ () =0;l
=[fx: £G=13)

Output : decide which'!

(Oriyinal Deutsch problem is n=1 case.)



In,owt fs J;ven as a ’LIOJ( Lox‘\ 'that
evalastes £ on its inpul.

&Vantum B/ar,l( bo::, M'r L‘“S 'fZ loe U"H.ta-.ry
(3 reversible) :
Ue | > — xS | (<)>
e 125 Lz\ x5 1y @ Flx
» qubits 1qub;t
U_F 125 100...05 — xS | £x)>

A{gah:tl\m:
|0p H H A
N H Ue H A
10> n n A
1> - x HH

Oubput {”‘0“’1'04“ 'f measure 000
W
“"boalonced”  otlherwise



Amagsis=

H 10> = [+D = 55 (16> +11)

HQ" ’000> e
= £ (lo>+11>) & (p>+nd) -~ .-}z(lo»/@
< ~
n times

:./% (10005 + [10-:05> + 101> + ...)

.
-2,,§lat>

— feed Swf)e/‘pas.‘f.‘on over all jnpul
Lit g'brinjg X .‘n'fo ".‘nful' '
veg ister  of  Ug.

Consider For o  wowmenl the ciraut
withoul the H X on the |ast qubit:

> H H K]

1) ——H H A
: “F :

10> H H 1A

0> <



Tnput 20 Up in this case s
1
%> = Iz 2 1=> o)

2" ¢

To camfu't'e Up | >, we cen Just
co mlou't'e U.p [ [0 and then use
Lineor: 't; : (e the fact thel

U (o1 @ +p185) = = UIC> + pUIF> )

Up 15 10> = Ix> [0@ F(x)> = 12> [£()D>

So

Up 14> = 75T Ul=> 10> = 25 T 1< ) o

“Quant um faral’eLiSM“.' aut’fut is
s"uperros."l'a‘on over Yunclion qffb'eJ %o
all f’9$:bt'° ;ﬂfui's SI'MuH'anQoM,\‘{y !

Worning . 'H«is alone ’'s 1'_‘!? %OMJA
'fo Jahn (> % 1uam'tu.m QJ vow\t aje !!



If we measwure 'L’Lu'g s‘bo-'te in the
ComPuta\t’ rénal bo.;?s, 't colla/Ser fo
a single 1> | (=)D  chosen
Mm\CoPMIj alt random.

Exercise: do the calewlation and
con Vince jourrelf of this.

Con achieye 3xaci’1)_ the same tbwnj
Pwe[) classica llj, éj ,a:’c/co'n >
tand €orm 3 at rondonm &£ C—Muﬁy Fa),

Com’t' wse 7uamtum Pm”éla)‘m fo
extrqct mov-e¢ Fthann one ou‘fpui at a

lime — Is quantum ,oaml/ob‘s-—n useless 7

Mo But fo exf/oc't info rat ion encoded
wn the S'ufe,r,oog,'tian, have 5 nse

interference in a clever way te extract
‘:7[060([“ infal‘ma‘lf‘an 0500£ Sd O'F letpui's.

This is Gypically the difficull part o
o'efv;gn;ng Quant'um a@Or;‘tlfgms.



That's whal the MNXx is for ia
the real Deut sch - U‘as‘za Circuil :

|0> H H K]
1D H H

- u [ 5 A
10> H H A
10> —{x HH

Pememlaew: mqtrices com,oofe "baclcwafdr“!
HX 10> = H I = |-> = % (105-11)
— feed |- intoe "ouifut“ qué.’l‘ of U,
=é Inpu\'t 1o U; is the state:
-/ -
| ¢> "(f'z"' ; e ) 1>

Nse Linear:i:y again !
U 1D 1>
= Up 1xS £ (105~ 117)
= 1> g ([0@F(0> - [1@ £(0>)
of. Def. of Up



L4
L4

Ix> % (10> -1-%) if f®zo
Ix> & (11> = 10>) f =1

(¢

g Iy <>
~[=) [->

= (-1)”*) x> [=>

This umia,uefj quontunm effecl of 'o;cl(iv\j
uf a PL\AJ‘Q alepend;nq oOn tke infut

4:7 ;n;t;a/i::v the 'ou'ffu't‘( 7\4‘:"[/ To
A S’M;t aéle vav\-' comf)u’tqtfosaal loolsic) S'I'o‘l'e
'S somet imes called _Pka.:e kicle=bacl .
— Out'put of cirecuil (befw‘e we.aruremen‘t):

Ug 14>
= Up g2 T 1> 1

Wlﬂat does tlhis stote look Uke f
£ is Cw\;townt or bolanced
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Constant: Va fOO=0 o~ Vx f60x)

- 1 -

2\0\
.
= 2= 2; locd |-

This s escaot'ly the fame state we
‘Ped into U'F C Mf ‘/-o oan i»re/evomt
g/obm[ Pl’la}? + ).

Since H 3«1«’6 Is Sself —inverse (H" =N
s0 'H‘z: ﬂ), apf!f'wj *Fiv\o[ co lumn of
Hadmmardg nagt Ju\;t cando the
Ofgima[ HaJamo.mI; R Jive us back
[00 ---0>.

Exfb‘c,{t{j.'
("0 e (N®" @ HX) 000>
1%
= (H%"e1) Up1yd = (K" 1) [¥>
= (H®"o1) (H°"® Hx) oo --05>
=1 ® Hx ldo--0>
= Joo-->|->
> Fov constant F, alwvg Je't

00---0 vhen we measure I’CB "g"Sth.




Balanced: [{=z : P(x)=o3} = )fx:‘F(x)—ﬂ})[
Up 19> = ﬁ(z x> = 3 Ix'>))->

x:€(x)=p 2’ Fle)=1

§im63 we L\ave 27uaL V\MmACI‘S bf
+’s K& <=’ (balanced ), over |ag

<Yl Up 19> =0,

Hoadamard Ja't’e s un;ztar] £
tunitory Trans ormations preserve
inaer” products, so overlp is still O

atter +he HqJ amarAS

E:Cfla'c:ib 3

<00 --0]<~) (W®e1) Uy (H'® HX) 10005
<HI” 1% -
=<V Up YD

= 55 (TGl <) (2 1a> =5 165 ) )->

a:floy=o b:flh)=1

=1 z1 21
1 “ d
== (Z <ala> — 2 <bIL>) &)=
2 (q:(:(..).-.-: " b:£ChY=1 > >

= = (I {=f=03] = [¢x: £()=13] = O

> For boalanced £, Proloabn‘ L‘éy of
meawrimj 000 s Zer)d. )



Weé lhave solved the Deu‘[’SCL; -Josza
pro lewi with a Single qu o U
+ (2w +2) add; tiona Ja‘?‘ee;y F
4+ wn 9;.;\3[@ - 7:46:’75’ mea s Ulfemaﬂff

= 3;« + 2 adol ' t'iam al o'oﬂl"o 'EI‘OV\S.

How wmany quermes are reqw‘rea(

c,/as;". ca“j j7

Worst case c’aSS';calfyz

~F balanceol, bu't CDM/J 7\4&"] uP to
half (-‘-’ 2“/2) of the bL:t- S‘i‘hi:.js £
befere we csee Goth osufcomss

€(c) =0 L f(x') = 1
— C[AS‘S?ca” , wors‘l'~case com'olex»‘tj
is 27 -1 7uer-fes

—> QUW“"t'"‘"" J;VQS eifbr\ev\'b;al
ad vaw\'tove!




DI‘SO\ASS!‘OV\:
Is this a La,r compomsSon o

Quonlt um oracle L{.p i 5 Strfaé{lj
more PﬂWW"GAl +han classical £ :
allo ws querying  in Superposition,
| qu:tian to q:»er\'yo‘vy onN C/GSS;Cal
’oi‘t ~$‘i"‘;'\j$‘ (r'-e- cowt/)utati'onal ba.:)s
G‘tates‘),
HOWQVQJ', ;'F JO\A éu;ld 'P oul of
un.’i’ary a-bes‘, 30(» mus‘t ée ab/e
Yo query in Suferfo;‘.‘i'n‘on 7o be
consi;tent with 7mantum MQCL\OVH.CS‘
(Lneow-;t‘_y)

Consensus after ~ 20 yeors of
r~eseach s Fhis is a Lair
covaar;fon.

chkgpl "'P %7 exqa-v'oles w"\ere we Can
‘de ~orac alise* the pro blem L
construct 1the oracle eﬁpic:en'f:_[y oul

of ja’éeg
(C‘F. Sher's a{]ON’i’AM, C,dh;'lj wp

later...)
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Limitatiens:
o Oracle ’)I'OAIQM, noZ’ COM,outOTI'Ona[.

Problems contoring “hidden™ ing redient
(bloack ~box Lunction £/ Uz,  whese
imternal worka‘syr aren't s/ea‘)cv'ea/),
Not a stondard com,ou‘tato'&nal

pro Llewm specitying Boolon Lunction
To be Comp ed eon ;npu't é;'t’* Stﬂ'ys.

[ 4 &uei:y com)ole’c?t) quan‘taJe, nol
C—omrutqt7°v\al com/sle:cii'_y.

oractz co WPIOJL;Q S'epa/'at rons oo wnot

noces';a.m'b Swmy; Ce ”a/e'oracﬁsby“.

Implement,'mj black —be £ / u{
could naai‘e all the aJvau'taUe
Ceit'fne.r %y mak;mj 7,. Ol’J. ineﬁf,‘ c,'a.at,
o~ b “open:n “ the box" allowrv
Y pening vp Jd
more et cient  classical algs.)

o Solving Deutsch - Joz sa Iarololem ism't
useful ©@r  wmach.



o A’dVMthC onb or exacl Cawfu'éaf?ov\;
disappears i€ we tolerate any  non-2ero
ProéaL.‘L'iy of ervor.

Exact Cownfu't‘a‘f:‘o-r\ is nol fﬁys/ca/‘ly
realistic. A/wc:y; have some ov-Sero
frobaéilii'_y of <rror (cosmic r~ay
Flipping oul pul; 9. Ja‘l'es defem/ov\
continuous parometers so Con on

be approscimated , <f. Solavo -Kitaev
etc.) P 7

E;cexc.‘se: COV\S'tPuc,'t o C/agfv'cal q'_/}arfi—t\m

that succeeds w th fmlpaLi[;{-}
I-£  wusing at  wmost O(1/lgs)

queres.

H?stav"iCa[U, next fiyn;'ﬁn‘caw\'b develo,omeat
was [Box’ny‘t'z‘m- Va Ziron: )73_:].

Still an orocle preblem , 0"9 gives
Po{ynow\;a\l, se,no\ro\t.‘om bet ween 7um‘l‘uw.
& clossical, but this sapowat:m Survives

%) baunJeJ —eAs/~r-or Se,'f't;nd. (Exercf$¢2>
However, we wijll skip ahead B -..

15



2. Simons A{yor{tkm

Problam (Simon’'s)

In‘oo\t.’ Blaclk box oracle
£: (0,13 > ¢o0,1}"

Promise : 'F(&)::*F('J) E == =Y orj@S
Output : "hidden shift" s

Noete if s=0" (e all 0%), thea
f is one -to-one. Otherwise it%
two —to -one.

E.q. x | €06x)
000 | 101
001 |010
010 | 008 s= 110
011 | 110
100|000
101|110
170 | 101
111 | 010

16



Aljoriﬂ.m

|0> H H K]
D H —{H 1A
|0> |:' |:' ﬂ.ﬁ C/QS'S;Cal
u + Post - ,oroce;rin
|0) f ol measureme.n
Ou'l'comes‘
0>
0>
L P

[0 1> Ul 1y vy
B[qu( box :

Ug x> 1yS> = x> 1F60 @ 45

Av\alysis

Iv\fu‘t b Ue s S’errfos:i'iam over
all s'tv-imjs x : (cf. Deutsch~Tozsa)

¥ = m S x> Jon S

x




Dg | ¥

(

1
5= g x> [ £60)S

(Wote wo phase kiclkk -bacl this +ime.)

Now,
H |od = 31;-: Clo> + 11>)
- 1 -
H 1S = = (10> - 11>)
N o= 3% e
B x> = (Io>/7+(1) D) x: €fon
Pick up <1 in fronl of 11D when [2:D= 11>

To get right sign Factor, need to
know ¥ FH of [1>%5 in 14> on qubris
where D has a 1> is even o odd.

JT.e. fo»r:iy O'F L 2 s.t.
> o :Ji = 1 é':> X Y. = 1
—> ?7 - lZ x; Yi mod 2

= XY, 0%Y:0 - =! X.Y.

So
RO > = = z N7 >



Thus ou‘L’pu‘t’ of circaut before

measSnrement s
%> = (K0 ) Ug 1>
= 7= 2 (H” o)1 £00>

= E’-— §jz D70 1g> 1 F 0D

=2 T ly> Z 077 IFe)

What is robabili t of measurmin
the Strif:j = o'v]\ | Yoy > ? 7

Corresponding mengursmont  opsret or
VS ’ZX?'O-ﬂ/ $o

Pr' (2‘)
= {Yel(lzxziel) | f,>

= (7 (07 <a | <Fexl)

X

(_21.'_‘ ;" (-1)""% ’2>lf(x’)>)
= L 5 )M oS

& x,’



1 (x4 x’) - 2
— 2 (1 v
4" .

o’ ¢
)= £ (")

1 (xx+X)e2
41\ % ('1> s=0

= (oc+2€). 2 (¢4 XDS). 2
*1:, ZC(-ﬂ“ + (-1) )
4 = otherwise

cf. promise on f

! -
u;iuj s .2 = xXx.2@ S-2

-

\(

ek + X2 @s.z)

1
/-i—- = o s=O
1
= —i—;%(z.) = "27.'-1 S.Z2=0
1 -
2,2(1—1)— O s.z =1



&la.rsical PO‘;{' -'proce $'$a'n.9_

Botlﬂ $=0 R S£ O cases relurn
$'f:rim3 Z chose n un:’ﬁorw\j at
Mnd Owm 'p'ows set of' Si‘riv.l_’g
salisfymg s.2 =0,

Rz'oeaf; n-1 Times
— Je'l" w-1 si‘m‘njg 2, sdtis@.'vy
S. 2, =0

S. 2, =0 n-1 Lv'neaw- e7uo'£iang

tn N unknouwns S, ... s,

. (bits of s)
€. Zn- =0

If all 2; are &'neow!y inJQf-nnJQn'i, we
can  selve effciently for- s F0.
(E.-9. Gaussian eliminalion also works
o bits R addition @ wmod 2.)

Pr ({2} ""\“f'[y indep. )

n-2 ke n-2 4
> TC (1- %‘) = 1- Z =

k=0 2” k=0 2
- i 1 1 using (1-a)(1-bY> 7-a-b
=1 k=2 Zh > T

(Note: any_ prob. > O would saffice.)

21



Wholt if we Lail ?
Repeat whole Procea/ur-e m  time €7

Pr ( succeed 'n ?O'O'Mt;eyu':) S#’O)
= 1- Pr (il all wm times)

1
2 7":‘;_'..,.

— ereat-‘nj M:[ojvi +ti1eneg

succeed s ialen“é}fy.‘nj S#0

T€ welve Fa?leo‘ +o ident i€ s+ O
aft er /oj 7/i reref}‘biov\s, ou )out s=0,

Fov "W'j ¢ >C5, 7uar\'t'um al o ithm
solves Simon's blem wit
Prt)babf&'ty =2 1-c V\S‘;nj Ioj 1/2
clwen' es To oracle

((fﬂ e + poly Cn) total apva‘én‘msl



Classical (ower bound
Yhtuition: veed T €ind Zwo
infwd:s X ,j s-t. 'F(:() = 'F[:y)
There are 2" di#erent inf VES
and wo other structure H €

— Need 2 (2774) quev-ies T
l'\aVC @oad C,L\Mce o'F 'ﬁino‘:‘nj
Flx) = FCJ) .

PPOV'MS tl\:‘s ~igov-ousl ts wnot as eas
as 1 looks | ‘%Fi-e;? the case that j
classical lower bouwads are harder

% prove Than Coﬂf‘f’-""c‘&""'j the
qmav\tmw\ 0155.

DESWSS?on :

Simon's aljor;'H\m d?ues exponeniu‘a[
5efav~ai',‘on between 7uant-uw\ L clasf;.‘cal
aomloutq‘l:ion even when we allow sowe

’»ob obi L’i’j of eprrov

However—, other ULwmitations similor To
DeﬂtSC«"\ -~ J0O2 Sa (or’oc,,o. lbnob’M)’
query comflebbitj,' noit useFlAL>-



