T. Hawiltontan Com}o/ex.‘iy_

Nota‘fio-ﬂ C€ nm:‘mo{ojj_

= Ao (M) om A (H) i = win gl H I PS>
"jrounol state enerjj“ 2

— HI¥>=A4, ]’Lf> (¥, > = 1’71/‘0“1’!6/ stote”
= Lo= span IYD T HIT> = s 19>}

Lo = 9-5. subspace’
— Mote: H z0, A (H)=0O -"—53-5. subspaco = ke~ H

~ AW = A-~A = z;fﬁ,, <@ lIHIg> ~ A (H)

”Sfed'a\l jqf’“: same operator, different e@v«ls

= j\¢> CH1) — Ao(“z,)
”Prom[sq jqf wo o{'FFeru\‘lf' o(em?tav‘s Some jVa'S




[—ocal Hawmiltonians

Cove @é\jqc‘[’ of S‘f’ua‘] o tlis

e./\'{Z;V‘Q CoOusrse .

Mo«m\j-—’ooo\fj 7uam2'uw‘ Sjsfew\ .

®
o Muli‘t‘,aartit'c Hilberf 5/’068 H =(G:J) "
(optew d=2: n 7:46"'1" $j$tew\)
eq. porlicles with Spin -5 (d = E—(?%Q)

o Local interaction Ham!(tonian -
l’\ = L,S & jLEn']\S , s c CV\]
I-e. h acts non- t’Hvia(% on9 o n
subset S of the P arlicles

We S“j 'H«o\f 2'\'femc‘l"fom l'\ S /2- local
£ S| = k (i.e. acts non- i‘r\'v:415 e n
k fwt?c[es).

Notation ! often wwite hs = hs® Lp,y\s
l.e. Subscr;'Ot indicates indices of pw‘z‘:‘c(es‘

aclTed on, d on vest s ?m)DL“Ou't.




Det (k-local Hamltorian)
H= =L <3 @)

WP_ S‘?] f&xat H {s a /Q-[ocal Hamﬁlfon;an
(o "H is k-lscal”) i€
i hY s k-local.

T.e. k~local wany- baa\'y Hoaw Ml onian made
KL m Zm‘[-e/\acﬂons, eacl MVOLU‘;'AJ
at wost™ ke qu"[ icles .

EXM,OLZ SF;V\S on L-‘V\e w;tl'q newes‘l' -V\ﬂd"jﬁ\loaur
‘ateractions ! H = ZL,'
c=1

e+ 1

G @ ——

$p}n9 on [a'i"l‘ice
—_——— —~— H = Z IAL
<l‘d> ‘)

K meij)néowﬁs

A/o‘['e.' Lin jemvra[, no t/w\ale,rbwy geaw\e'fly

> no reguur-ewen? That Llocal ?m'tw\aoil‘oms

ar-e 560 m‘[ﬁaﬂ% local .

Physics temminology "k-local = "k=body
but  stucl «itl, "k-locol" wow in QLT.



Mot ivation:

Pczw\clamenta[ ;n‘i'era\cf'fons N nai’urc

Ce—-J. e/[ec,fraw\a\?me'tic, or ”Coulomb\',im‘t’efact:'on)

are fit h-laca{ - .‘,\'L'era,,i'n‘ov\s aleca:j
A ;)/o@ , nol ICFﬂ:fe~raM3e .

Hovw e ver, N masay ~ Lad\y %7$Z'ew\ electron
clowds of negkéowiy atomg shield atouns
£rowm ‘Fl'ele of wmore J\‘;Tan't ,Oar’h'c/es

( C:F. Farqdaj Ca\?e).

At [ow -ena/:jiesl mamy~boofy Gj;tcms often
well - af,oroqr,)w‘a"[ea( bj k-local (often 2-local)
Hawa! ltonians .

—> h-local H crop up ‘ﬂvw»j hout  condensed
motller ,otyg,‘c,;.

The W\ad'av' 'folofc of cond, wal, _fl'\o“‘e trons ilons.

&MMtU-WI fl\age tMA 9,“[‘,’ ong Ce ﬁ S'u’oerCOV\Auct:'\r; ‘Ej ,
suPQr‘Fbw;r/“tj) oCcuv T 2 ero o ven~y low
tew‘f emt e M‘b&r[sej L’J abw—qff c{a:‘?e A

j.p—ow\ol stat e of fjstew\

% 7(/\Mtum COAJWSCJ w\a‘['t e r X ;t’udj OF
JMW‘J stales of ww\\j——éoflj sy stems,



TL\C ”Local Hami("tOvﬁan FPDL;ICV"I“ sts'
whether~ or not a (ocal Hawmiltonian

b‘af a Llow Q—V\er‘]y jrouno‘ si’a'l'e.

l)ef (LOCQI. Holwu‘li’onu‘am PJ‘OéleM)

Im)ou\ti R-local Hawm:ltonian H on
n uiii’s with wm (ocal terwms,
v oo whevre Ao (H)<x o A (H)Z g
Promise {wi'th g- o > 1
fob(n)
Output : YES if A(H) <
NO if A, (H) =g

A/o'be_ TL\AT .

o IV\fUlt TS‘ Clolgg;ca,l degcr,‘ff;@n O'f\ H’

e.j, S'oec,h,'\ JZk w\q'trfac e[emen‘tg -For' eacL\
of The m “terme,

. W(oj m L (:) = 0(nk) = f’éfy(n>

FPOLICM size (For Fixed kd) scales
'~ Fol)(n)

—> take n 1o measure fl\ob/em size



° (SiV‘?Ct{] S"Oea«l(u'nj, namber of bits o{’
dq'['O\ V"€7U\ZPeo‘ '('t) $f€cf)cj YV\,DMT quo

a(e, QV\J; on Fr‘ecn‘;.‘on O\C M—\atrhc Qm‘[‘PleS,
Al our vesults will  hold I wmatviz
entries are resticted o Fo!y(n3 o“jl"h
of precigion, €0 we Ggnere the inpul

,Dreca's;om from Ao on.)

* Togethe with input, given promise
thot condi Zion 1
A(H) £ x or A,(H) 2 g, Pp—x = P°{7("‘)
holds For the inp wi

—> ovx\’y we7ulheof o solve proé/em
U\l\ole,v\ aS'S’MM]D'b?OV\ cono‘f‘&.‘on l/\old_(‘.

o Cénver;elj, to ’prove hordness results
must ;L\ow condition does hold or

au/y H we COV\S'truc,’t‘,



Thm ( Kitaev)

TL\e Loca[ HQM"L'L'O niawn vyo !
QMA -~ hard i lem 16

Tl/\e -F’rst oe ww?st }m'oorta./\'[‘ V‘eS‘u[i‘ tn
Hom: [Tt onian Com,olexii’j 'L‘AeoPJ.

Hasg haany mTerestin
RIT, Com'ofci
(See [a.fe/‘)

;mPl[caffov\g 1Cor~
) & stecial[] f’éys*:'cg

To prove AQAMA - lnaw‘o‘mefs :
Trang form avy QAMA p""o!o ‘_")‘LOCGL H. /"""‘-”

Recau. De}c. Q/V\A .

g po - si 2ed i ) =
Iy 9 civcuilT U U Cf U d, st

:/_&;‘g_i. 3 IW> PPCUIW> o“tf)“tS 1/1\) ; 2/3
_/_\/_ﬁ_ vV [w2: P~(U|wD> . W) = ’/3
Tdeo:

”EI/\COJC“ Ve N tor

ot Jromm:r Fre clreuwlt —> local Hami(tonlan

s"l'a'l‘e eV\COJGS owffut o-F c:r—cu,t_

14404 ‘Z’el‘m '['L\a\t J:VGS‘ ada(f'tl‘ona[

'oenali’j if C,Pth cu‘t,oud'{
YES /MO

L=
VY,

=
—> W —ener '
(o =energy (bigh eneyy g-=:



Before ,Df*ov"vxj Thm, we Firct consider a
noive af'broacl\ that doesn'? war/é) bed
teachec Ug some‘t’lm'vy 'uwnfor'['ant ab out
7Mantb‘w\ W\aU’béj states and Hoamilton'ans

Naive fPOO‘F qf’DPOacl\ ( doesn't work.’)

Veri Cier clrecuit :

outpul
IO> { u?[ 7u|ol|)‘£
U, 4 U6 B
Jw) N
u, |
IO}{\ U Us | \ \
\ V 2 \/
R ASEEE AT AR A NN L 7 NI Y-S

Iﬁaj‘tlzc ((yiv\\j oul circwt on lattice of
Jubits ;

/o> -e O o > = = y —o—;::i"zt

= A o—o U;le o ® 7l o

{ U, Uy
St 'jﬂ’

]

— = — - — .-
,0> ——@- 0 & @ u‘f PY P P

g—O—t il o ® O » o

T T T 0 T o~
N> 1Y 1> B> S e YD



Now Fut local Ham”toman}‘ whe,ever there’s
a gote C(also need Z-local Hom! (tonian Terwms

Fon~ ?o(en‘H-LJ gates) :
N (@ . — e /0Xof

L ®
o |\
H, m ® .H" ®
@ @ @ ®
L @

L
® T@b *o—o
MXHW P S—
11X @ L 4 @ @ 40\
'\YT

7 7 0 0
AN K A S I S 4 A S 7 R n

o

>

Con eomlj Lorce c]qu‘ts PQ—PPQSQA"L' "f} Ywitilal
(‘f;ad:e o]c oud"o U\‘l; (f ow\c{ua qu"l"S “[‘o be /O>
uyivj {—local term T = [1x1 ;

But leave nttital witness 7ub"‘b$ sTote

unCongt rFain eo|

Crmilowr . con lve additional Qu\e»r‘y fenqli‘ £
Tutb?t r?eprece.g:nj ﬁ?nal ;ta{te jo'F O f"‘_t
qubit s O simg I~lecal terwm 7%= lo)ol




9’__f we could f£ind Hamiltonlan terms
H1, e ay, H-,— S.‘(f‘. \71\0Md S’ta"te,g refresen‘t

correct evolution of circwtt, wveld be done:

\/E§ insT am ce )

- withess [\,./> st. P~ (ou‘("ou't l1>§ = 3
= 3 state l"{’o>l‘ﬁ>'-'l"f’.,.> f‘C,OvI‘eSea\t’wj

cor-rect evolution of ciramT <. t.
(o)

only plcks vp eneryy <3 from TT 4

— j,S. Qnef‘jy < ";'

NO insTance :
\/ |w> , Pv\( ou_tfu-t “>> < ’IE

SV Y= IE> - D
r—efv‘eSent Mj correct evol™ of C‘l"‘CM”t)

f)?c‘e “p 91/\94(7] >/§’ fow TTO

out
Y (> nol "\ef"'\e'ce"‘t‘\'\j correct evol®
piek up lage ereqy pinelty fow W, Hy

—> 9. Qner:)j zZ 33"

Exercise

Moke above a.yumen‘é’ rd‘jorous‘-




If we could Find Hamiltonian terms
H1, ce H-;— S’.'zf‘. ﬁa\o«md S'Zfoi’e,g v*e‘)resen’i

Col‘l‘ec:b €V01u“l’fm O‘F C;/"Ctm"é, we ol ée a(dne.

Exercise

Use this approach o prove MP-hardnecs
of Local Homiltonian f)mb[ew, for- clagsical
Houmiltonions CGU“JOML [N co.m’pu'tottloma( basis).

Unportumq‘le\[], such Hamiltonion Terwms
Carmoi e%?st in c’uamfum case .

A H
U U O ? ,—,
e o
A 1hS > %
= URT YD Y>®@ ">

Clerivn

44 : ZH,Z s.T. jMW\J stote subspace
Lo(H,01,) = spon ( 1¥20 (Uoll) V33

Preot

W lo Caown take H>=o , AM:,,\ CH)*': O
(substitute H = H+ A, (H)-I,

3{7 envect ors w\cﬁ\wy ed).

— L, (H®1) = ker (HO1) .



Conside 2 —qubit Hlbert Space H = 022@032
with trivial gate U=1L, <o

span (14 2® (UODNIY 2L = span{I431¥2) .

!

Let 162 = 3 (loo> + J11>). entangled ctatel
(ebit)

[¢>’¢> & he"(H@JD, So
0 = L1 <ol (M, ® 1) 183,193,

= b [H,® 15y - 12, 185, <®),,<B1,]
=t [ Ho BpXoDe t, (Ip3<a)]

= t"[ Hu' ﬂ1®ﬂ2]
=t H.

Hzo , + H=0 = H =0,
L, (H®1) = ker (O® 1) = ke~(O)
= H #F span { [USIVD] _

Exercise
beow Pf*ofos}tl'on [/\o(o()‘ V (/{ '




QAMA ~ hardness of Loca[ Hoamilton an

Reecall :

Def (Q@MA + amplhification)
Deasion CYEs//VO) pv*oélew\, f)/‘ablawn S'r'z—e n,

Problem € QMA f |
3T = oholy) , €= n(5c) .
7qam't Um C;/‘C(A;.t u = u_r - (/{T-"].“ Uz ) u1 S-t.

YES .
g w2 :PrCUIWD ou?f’pui's "“M") = 1-¢

NO:
vV w2 : P~(U|w> - uw ) < ¢

M (LOCOJ. HaM?li’onu‘am PJ‘OélCM)

Im)ou\t: R~local Ham [tonian H on
n udits with wm (ocal terwms,
where A, (H)—SXTow A(H)Z g

with B— o 2 m

Oulput : YES if Ao (H) <
NO if A, (H) =2 g

Thm ( Kitaev)
TL\e Lom[ Hoxm:'['[,'om?an Pr'aé[em 1S
QMA ~ hard




We saw that e n'tang levnent O{e(—\eon'fj'

naive FrooF apfroqck.

'—“'>Ne,eo\ SmarTer wo:y o'F emoalivxj w{i’nes‘s

Veriﬁicqtidm GOMF(Atq‘[‘:'c)V\ inlo Ho;m}l‘l’ onjon .

Tdea (Feynw\am): encode evolution of

Com Putoféion m 7M¢\'bum Superfo sition :

"Com'ou’tat.‘or\a[ L\Fs'tov S"[o\‘t‘e“ ovr ”lm‘stofy Sfod'e“:

> = iy e,

compulation tclock Pejis‘ter C
reg ister (£2)®"

T+1

l ,LKL- > = stoate after ¢ S'é'eps (\7«1’6’3 )
’%> = initial Zn'out state
[qr-r> = '@'Ml Otmi'fu"t St q"fe

Clock V‘fjkfew takey; stotes € €77
(0> N>, 12>, .., It>, ... IT-1>, 171>



Eag_\j To write down (V\W\—(DCAL) Hawi (tonian
with j'\I'> g jV‘OLM\(J state :

H = H:, + HP"°P

=(L-1¥%,X%]) ®(0X0]

enswres coprrect mitial state

T-1
2 (Wt><’%l@lt><t) + 1, X1, 18 [E+1Xt]
B2 Porces clock B Fick”

~ Y, XY [ ® [t+1Xt]
Forces 1 step of Comfutocé 100
ncrements cloc
— 1Y X Y | ® JEXEH])
necess 1Cu~v~ HeMiillejl

forces |1 s‘fe of cam,oufq‘t?ap,
bock\w.ords in time X

oiec feme n*t’g o{ock

Exercise &

Slqow ‘tlf\of[; ur\‘ulu\e \7.5\ O'P H s )'\Z> .

CL\MUG’V\je s ‘to .
° cong'l‘rudé /oca/ H r QMA Ver?ﬁ.’er
* prove YES instance = A, (H) £
* prove NO instane = A, (H) > B

(== ,,OJM promise gap )



Proof (Kitaev Thw.)

Ham;ltoﬂ\'a"f\ (v\ot #“l\l] [ocal je'f,’ )

H = Hin + HPPOP + Hob\t
Im;'t"la“], take compuf‘af,'i\.:\ pej,';{e,.
r Wl [ Te1
,)’L — (CZ) n ® G:T+1 _ 62 ® (q:z)@ @(([2)®IA’® C
compulation :;:Z; ou';l'fu‘[' ‘tlm'i"nes‘s Tanc;‘[(as‘ A
register  register Ut TRdiSTES

(wiu pmake clock (oeol (—a'l'er).

H, := T ® loxel + X TI ® loxol
el JGA J cl
Forces ou\‘l"fu't 70‘(91"& (f aACc‘lla-f io
"'m:t\au]“ be in 0> stote

1
pror:: 51 H,L ) WL\QI‘C
He =7 4@ (1tXtl + 1E41X¢t+1)

fowces clock o “tick”

~ 3 Uy® lt+1Xt] -3 U ® IEXE+1)

{orword “mpu'tatiw\ S‘te'o bac,kuowds S't'QP

How = TI9 ® [T XT|
j;ves e,y\eljj ”Fenal‘fj“ !-F ou't,ou«t op
AMA verifievr com'outat':'dm is “O"



L emma

Herop ~ 1® E

(7.9. 3 (AnH'Wj W S-t- WHPraf L‘/‘r = ﬂ@ E)

vhere FE = % 2 C(t> = [++1>) (<t - <£t+1])

4 ~'%
-5 1%
= | T
1 -%
b
Proof
De'(:iwe Ml‘\lrialj
T t 1 o
W:= Z TU Uy ®@I1tXtl  (where TTU:=1)

LY
t=1

MV\A 069“ 'b S'i’epf o\C Cow,oui'a\‘éiom
T
= ll@IOXOHtZ_](MI- Wl uly e exe

W H, W
p (u1+.,.u: ® (+X+]| + u:— U:'UI”@H-L?)("':-F“)
! (1@ ClEXE] + [$+1XE41])

— 2 Uy ® [E41XE ] - 2 uQZ,@HXtMI)
(4 © 15¢1 + Uy, 1t 1 1)



W

(()/u/xq/) ® It >§+/h§’§

+ (W ) ® K+ Xt

- W)@ [t +1 Xt
-W)® e X641

= Lo IgX@l  where (5= T (1E> =]+

2
£
T
(-L
"

tZﬂ@ g Xg1 = 1o F,
O

prop prop



YES instance:

A vitness > s.t.

Pr(circuit out'outs “0" on t'npu.‘t Jw>)
< £ ( Def. QMA)

1 T
Let [¥> = J?;_—ftZ_ [, > 1>,
where W, > = U U,_ - U U [¥>

[Yy> = o> {b;> M
Oufwh'l' ] w;'f,’V\eS} ab\c,'“ag

7ubit
Notle : 1
c P> = (;%---u,@ltth)(Wp@Tﬁfth»)
= Wl i>e ey —

| ¢,
PP(Outfut "oV on imlowl’ Iw>)
= Yl T 1> £ £,

Wout to show 7\,(H> L =< | < swmall
—5 show Covv\fu'l’m‘é':‘o‘no\(. L\A'g‘l‘orj state has

low ene/:jj .



AOCH) = rmin <PBIHIp>
>

<<YIHIE>
CEIHW IE> + <EIHy g E> + K Houg| B>

~— et T BB

—
-—

[I

LF N Hy 1E>
(Z, %l <t (Ol ez e loxel)
(Z/V>n)

tzo

1
T+1

—
—

oc <Y, 1<0) (1« Z 1 )@ l03Xal) (¥,> 103

J € anc

= <0l<WI<O|®A‘Tl'1(1)' (o> 1w [0>
o

= <ol T lo> = O,

Y Hpe | I
= <Y%leel W i,
=< Y1ele,|I® E|Y, > [ ¢,>

= <4, E I4,>

& Y2 (1>~
t

= 0.

wi 1> 1¢,>
.’.
(W Hyppy W =1QE)

[+ +15) (<tl - <t+1))D. E'>
_bl



<PIH,,I¥>
(Z <HI<e) (TP | TXTI) -
t=0

(ZW >It)

t—o

{
— T+1

<Y | .7 | >

.,,
_,1. P (out,ouf' 0" on (V\'O(At (w>>
(frem above)

—
—

o—
—

€
< T+1

Thus

=0 - =0
A (H) € <PLHTYED> +51<W>

+ <Y Hoy [0

< £ YES instances
T+1




NO ?n;i’ance:
vV lw)>:
Pr (circuit omt'pufs “0" on "\P“'(? lw>>

= < T D

>1-< ( Det. QMA)

Need Fo/low:‘mj:
Detf (Gvyle bet veen s*ubs'o oces )
Subspaces Lo, L.

Cos © (£, £,) = max [ <f1 6>

I (fz>é°(2

(cf. BV = Cos@ , IXI=17]=1)

[emmao (Kitaev)

If A, B =20 ond
AMM(A,W”A>' 2 (B"“fPB) = Mo, then

A+B 2 2puSiam3

wvhere 6= Q(ke,rA, R er B) .

(Recall Az c & A-~cl>0 & 4, A=c)



Proo £

If [(erA f\kerB#'(ﬁ) 9.‘:0 € bounrd 15
'l‘.’r‘av:a\“j true. So assume w[Oj ker A N herB = ¢

Let Tl, = projector onto kerA

A
T’[et —~———— N ~——— he/‘B

Azpu (1~-Ty), Bz pull-T) (£rivial)

—> sSufficient BB prove
(A-T) + A~ T1) = 250

or /,2—(4‘52-%
T, + Ty £ 1+ &s o, (%)

NG

Let I"f) be o\nj ejjvecff. of TTA + T—[B
with a‘i?vq(, A (>0 wloj; (ﬁ&)'fr\av:alj treuwe for- A= O)Z

AlY> = (Ty+ Tl) 1¥> = a |€,>+ b le>
where T4 [¥>=:al%>, Thly>=:5b /%>

wvlo )b éIR+ ( bsevrb Af
X vley a wto 10,057

LYNTL, T 1> + <YITT 10 1 ¥
(TCZ = T for 'orf{)ec‘for-s)

al + p?

I

W



2>
N
[

<Yl CTry+ Tle)™ 1Y
&\z-r-bz + 2abRe<lY, %>

V74

A+ 2ab [Re <, )%>] a,be R
A+ (@ + b") [Re< el ¥>)

’\k@ bt =20k = Cab)* ZO B Zab < 4bd)
A1+ 1Re<q 1w, >l)

<A (1+ W:;QZMI<<(AI%>I)

(€D € kRerB

A (1+ Gs O)

if

IN

M

()

A £ 1+ Cos © which proves Gk). o



fu,fA)) Am;n(glf"ﬂ’s) ’ QCherA' ke,~ 8)

swallest
o non—zgero
Cloaiwm AMM(AIW‘»A) z 1 eigval
Proof : H;,, H,Mt C.ommuff’iy FWW
'z .,
claiwm A (Blupg) = L (T7F)

Proof

Define w«u’i’aty
W= Sl gl uly e e xe]

(We used this befovre in Fma? of H=2O0,)

B = Humy ~ WHLW' = 16 E

prof
4 '/z
-4 1 -
wher—e FEF = "7.1 from before
R R
A



Eiqguals R eiquects of E are:
i i <
J=°

where .
1T ~—
7k:T--f—1 ) h-——O,,-.,T—

Exertise Ver?{:] This .

1 T
A, =0 [e5S :ﬁtz__ It>

/7

waaua—s?'f non —2ero eyvql

r -
M= t-Gs(Rr) 20T g




Clo ¥ » S?nz—e‘za(1—wg), eze(erA, e~ B)

T+ 1
Proof

A = H.,, + ”owt

= (n‘,” +'ZA 17,5")(9 lo Xol + TL',“’@ ) TX T
Q€

M&‘“M‘

ker A = span { 105 |¥> To>10>® Jo)

cl

1©® It>, o0<t<T,
518> 1T, ¢

5 Tla = 10X0I® 1 &(10> - 103) (<ol &ol) @0 X o
o1
+ 51 ®ltxt] + 11X1©16ITXT

Tl+
N

-\

W TL, wh = l(0>1<0|® 1 &(10>-- IO>)(<OI---<o|)®lO£L<ol
T-1
+ 2 1® IltXt]
t=t “

.,—
+ U (/1>,<1I®ﬂ,_-,,]\,)UJ@ ITX T

w-here U:= u_’_ ur-1... U, U, . TTe




Cos“ O = wmax ’<’v)/§'>lz ‘03 Def,

[§> € Rer A
[m>€ ker B
2 .
- |?3?)-:> I<”” T_CA, §>/ TCA = PI‘OJ o KRer A
" 1y>€ herB <l Tl > Covchy =Schwara

(sstwrmte [dmITE 15517 <1 Taly>l- HES) = <1 TL, I >)

3 1 t
= e (Y T W) W >

S eiztves 1 (T Joxer + @ Ty

+ 2 48 Itxel) (v

1 LS .
= — max P K| <t] ( )td;lte>lﬁf>

r+1 190>  <+=0
-
WeW = 10 E 5 > = 1e>0 s It
= 1 w\ouc<<‘(’|(’lTl + TTF> [e> + T"T)

T +1 le> |
1 - T+ T, Lk
T+1 les <4l2 e [ %> =
2_"29'.,\12 T"
< T-|—1‘ F o+ T +1 6\‘} Kitaev Lemma
. 1+l P L I
T +1 T+1

where & = O (supp Ty, supp T ),



los™ 0 = max [ <yl §>°

L
—

I'kPé‘“ﬁoT[I
li>e€“prEf:
1’ 2
maxe | (ol <wl <ol-<ol) - (uT11195)
lwh, 1> | <1 TS —

TT; = [oXol@l® (10>--10>) (<ol <ol)
S Mm> = (05 [w> o> 10>

e = U (Xt 1)U
21> = 11> 19>

max (<1 UT) 11xue 1exe (u 1Y,>)

< v‘l«ax <V | Wj" | W, >
w
é 2 . NO n Staw\c,e !
1+Cos P | T-1 1-J%
Cos*6 < T +1 v T+1 < I- T+ 1
Sz 6 - 1-J&i8 S 11— Js T“J/or expand
Mmooz = 2 Z 4 (TeD 1-x 2 1-3



k;‘taev's' L_ew\w»a % for A/O Enstance have
H= A+B > (= 1“F

lL-e. L\ave (Ower- bou-mc,l on j\

AW"W\ (H) — \-(2.( 1-‘/_- Qs reyu:wed .
We have proven:

¢
YES = A, (H) L — =: &

VO D A, M)z R(1E) =g
T

e HO\vQ Pr—ovem reotuc'tn‘an -ﬁ"ow\ &MA
to Loc'.a( Hamiltonian ..

@201‘8




.o e;cc,ep‘lf thot clock r—gyrsi'ep has

Adimens: on T+1
-~ H not onwn 7udf'b$ with Comg't, [ocal dim., d.

Could sf;[H; clock into (o9 T c’uL:"{:s
= binary  clock  (c'= (¢PYT)
— local terms (,oJT'-—laca.l’ nol h-local (k const) .

(Exam,o[e of jenw( /Jlanomeno\/\," can alwags
Trode  ofFf (oCo\L"L'j o:}q?nst (ocal du‘men;‘:‘on.)



Lo col GLOck COV\;'tPMc‘k lown

Problm with L:mo.r] clock (s that cannet

fe L(, \_/L\af t’ ym € it éj (oo&:/\j at ov\ly
a 1C€w O‘F '['AQ L;i’s — nown- [OCaI H‘.
Ldea :

nSe umar]_ clock .

T4 T
. Emloealolmj L: C e > (a:z)@

T+ 1 1.®7—
C — 4 < &)

[£> —— (1Y%t [o®T7F

¢ -t
( Label unary clock gqubits 1,..., T )
¢ Replace clochk terns:
(0501 — loXol
ITEL(TI — H>T<11
It Xt — [1X11® loXol t# o T

[tXt-1l — 11 X1 @ (1Xol® loXol t#oT
|10l —> l1Xol e loXol

[TXT-1— [1X1] © [1X0]



(Po.rtiqu) deﬁ-;neg a an@w W\a’o'ou‘vy 6n o’owtor-s

[Swrer’ ']col"'\a“jt
pa\o' W\Olf)P""‘j lo Jeﬁiv\e ao‘l‘ion on rema?n)vy

elems, |T Xs| & extend b}; Linear?‘l-j to
K ¢ 8cc™) — B(c*®).]

Under~ this wm'ofinj)

H = H;, + Horep + Houp —> H’

wker—e H) aofs on Uu\ou-'y c[oc[e Sv\bsface

OL = Sf%(”}gtIOfT;t} < (CCZPT Ln OV\St tke

Same way af

H acds on ori\gimal clock €.
[ S\Afey’ - -Corma[? :

T*‘, T+1

cT—H s ¢

—>
K(h)

= xereise : Prove this.

(A/L\o[[: 3085 wrowg hc we usée
|t>ft-2| — NXile {1i<0| ?



Proélem > lA/l/\a'é about ”eyc,fra“ M't o'to
Hilbert quce ? ( L = (C,_)@f\ L(G:r+1))

Add additional t erm To Hamiltonian:
T-1
Hety = 2 ® Z loxol®[1xH

t+1
— jives eme/:j] fenal‘t'] o sZates

not of Lor-wm 11---17 0 ,--,0>
Ci-e. b all st ates 1 ,t"‘ _)

Cloci ma

Seunm e YES/ NO - instance bounds for
H) + Hstab as for H.

Pr°°'F ¢S lalye‘/] a pmaltte~ of -Po«-mab‘s:‘nj
the J,L‘mdi‘mjl] obvious!



Mote Rer Hsia, = = supp H
SMPP HStab = -L-L
, H| o \z2 o 0 \£
H = y Pepay, =
0 O eL'L @) P LL

YES insTance :
Awu'vs C H’ + Hstﬁb)
= min [Amin (H‘IL) ) AM‘m ( “ﬂlﬂb lii )]
b:, above A/oTQ
< A, (H) 'A) = A, (H)

€
T+

as before.

—



NO instance:

NMote: subspace L C @Cz)@r Tnvormiant
de boi’l\ H) ) HSto\b

(ie. VI¥WedL : HIVY>, Hu, l¥>ed)

= H + Hs-t,\\l, olecomfoses as
H) — (H,LL + HSfab/.() <> < H)J.L+ I-Igte\bl.t‘">

H " . o O . H
O 0 0 P P
Mow
. <H)IL+ Hital,) = ) +0 £ H > a(15E).
fFrom f)"ev:ouslj
. (H)}F."Hs"abl )= o0+ H‘%IH: f—wlg,éaL}SkaHmb
= (2 temons)|, > 1




| Overall Hamiltonian s :
l K ) )
H + HSiab — H in T 'tz Ht + ’-’out + Hftqé

(1)

H, =(TC, + Z 1T.") ® |oXol 2~ (ocal
~ Jeaqa Y 1

Hot = T ® 11X1 2-local

2 -lpcal 2-local
H, =3 1® ( MXTl®loxol + [1X 1@ loXol
12 €41 taq 42

~ 3 U® (I1X1 @ l1xol® l0x01) = huc.
N\
< G- (ocal

(v“ecau Uf s f’oV‘Z‘?ubf'ﬁjate)

-1
H?‘taL = 2 |oxole [1X1] 2~-local
t=1 4 tat

S Overall  Hamiltonian H + Hepy is §-lecal

Have FMven Loca( Hami(foman Pfoélem IS
QMA""L\QI‘J ‘P:r- ’Q-(om( Hom; [tontens with k?s !

Exerc?$e-' Prove Locql Hom. € QMA

QED ( kitaes's thm )



