Co M.'o M.'bmt fon

W hat ooes € mean to "ww\f!wre,“?
~ Aot abV:oMS! Took vantil 19736 'FUV'
Alon Turing b formalise Fhis F"Pw’j .

-D__ef_f CTwinj Machine)
Twle (Q, 2, 6)

Q = {1,, 11 ) 16‘
Einte set of “stetes

Z= lro: °'1)"'1-L';

Cinte set of "ymbols“ ; a{:’s‘f'irvw'skee‘ "blank f;mboL-L

E: RxZ — Qx2Z2x (L R}
partial Function From state, s]nhl pairs 1o
stole, vnbat, olirect fon t‘P,‘P les



How ddes o« TMN work "

” \
Le@an
ol dfododol [ [ T [ [ T 111 Peforfafufife] | o
w2710 1 2+ (\

oo "Lepe”

* Stort
- head over ‘b’afe cell ©
= input: Einite s't‘rinj of novn-blank vw«ln-[g
writteas on tepe from cell O onwards
- rest of teope f£illed vith blonk $dmbotf
= TM in state 4,

v Eoch time step:
= 'L'ape S\yw\hel e under head
T M f—urrewbb in inlernal stole g
- §(o,9) = (o' 9’ D)
~ write o’ on cell wnder head
upda'be, inTernal s't’e»‘te 0] 1’

move heod one s'{rep in direction D

e ¢L,RY

o r'_’l'v\l"‘n:
~ £ TM aver enlers stale 2 halt
- 0utpmt: whetever s Left wiritten on Tape

Con Formalise +this m‘gorousfy F degir~ed .
(Exercise)




_D_gf ( Computable Banction)
£: D c IN =™ IN s (pw’biat) Com/oufouéle €
3 'l'u»r?nj Mac,kine which , J,'ven -‘Mpu't
ne P, halts 1~ Linite time with
eu'tpmt FC!\); onol jivtn Fnrut n eE )M/b 3

never lﬂaH’: .

If D=N, £ is teolal comp wt able .

WL\\\? 'S this the Pu‘gh‘b delinit jon of COMth'afl‘on?
E-g. why wnot o S5Cpi — 00 #a,oe,?

Or allow heed tTo S‘f/’o\j still o5 well as move L/R?
Or co ~Pp I&‘f‘efb o fferoat mmodels of computation
( Loaw bda calewlns, m-recursive Ganetions,

celluler au'tamato\, Jome of L.ﬁg' b,IL; ard 6,[[:“.)

Twurs owl deteils of comfu'ta‘t;amal wiodle (
don't mattlter.



Church- Tgm‘v thesis

The class of camfu'toxue Covclions s
thef endent of the  moodel of compuit ation,
For ol rea.\‘ona“@ mooIeLs of wm'ou't'a‘b}ov\-

Mot o theorem, since net o statewent thal can be preven,
Viewed eag ean axion (G6del ), def=in'tion

Cklceme), v\aﬁw-al, low (Pos'f'), Q—MPiMCoJ fect
(Copeland) &y vemous peopla.

Pﬁovlm ‘FW' MOV\J SPQGF@'C MDJQLS ofF Compu‘l‘u‘l‘"on
e9. lamda caleulus [TWPMJ], p=recursine Conel Tong
[TU\I‘I‘#\J' Chwc"\' kieene ], cellular sutomat o

[yon /Venmmn], gome of Lfe CConwac,?],

billierd bolls [ Friedkin & ToCfoli], ...



There @xist uncow\fufaé’f, 'AAnc'fioms.'

T hw (Mno{ecidab;[ff\y of Hﬂ”’"ﬂj) [TM";V'J 10’36:’

h: INeIN = (0,1}
L\(M, ) = { ! TM i bolts on inpq't'i

otherwise .

l'\ fs not cowfufable .

Proof (:M'FW"MO\L)
Let € (W, i) ke Gy totel campu't able
loooleom \Fuuet Ion O'F 'L'wo QUM Men't'ﬁ.

O evtret g )= o
t “ [ — 't
Construet TM 9(7‘) l”” Lrever FC 1) = 1

I'vlpud
* ¥l9,9) =0 = 9(9) halts = 1'!(3:9)-7 1 # £, 9)

. 'Fcﬂvj) =1 = 3(’) ’aufs = l«\(g.g):O #"F@;j)

h # omd “Mpufab/e Gunction, Q

To wake this ormal, would need %
¢ specity how To ~epresenl TMs n IN

— 91ves enumsration of TMY
. ezf&'c-‘f{y conslruel g

( E:bW'Cn'sL)




Note: proof s variant of Contor's o’:‘@ono[

© o 1 1 1

1711 1 0 ©

2| 0 o 1 1
~ ! : .

3(1) ouwu -+ 0-
L\(,,t) 1 0 0 - 1

Carollw'v ( G-idels Lirst IncomPleTems'; theo rem )
Zn "‘j cws.‘st enTz, umpleﬂ, re;w-sn've aaL:OMa'L‘fso.tiom
of ea~ithmetic, There exist statemonts Tthal can
be neither | oroven nor aUsPhovzn.

€irsT order {agic statemants about

Proof idea rot ol aumbers

o Asiom schema allows wng to ME:J'\&A;M@ enumerate
over volid legical slalements in erithmetlic,
’ Haltfv:g froblew\ con b@ e.x'u-es;qp‘ 0§ o sta‘femen‘t

in  orithmel ic .

¢ Construet TM thal, on iaput m, 4 ,
ernumerales over stabtements until eithenr
't Gnds froo-F mth TM laltg on ‘mpu’b v, or
Pvl‘oaf Thet 1t doesn't.

— Decides Helting = conlirodiction, o



Thw ( Universal TM3) CTUW‘IV:j 1934 ]

Can &tPUc?t@ censtruel a TM  which
on MP wk WA, | outfwbs ~esult of
Puwm?v\j m'th TM  en :‘nfut %

Cit this halts, otherwise runs Yorevers),

Proof idea:

' I,\PM'L' m  conlains deserigbion of  Promsition
rinfes oF wm'th TM ('n some Lrm one
showld slpzcn‘ﬁj,' cf. proof of uno’ea'a[aé:'l‘"@
of H»g(t‘?nj). |

s Construet TM which reeds m  and
simnloter Che specified troms/tion rules, o

Thwa (C Rice's Thm) [Rice 1963]

Arnd non~triviel fmp@rbd of Par"h'al
Cunctions IS uw’ecoiolaéle.

( Det. "ven-tmuvtal": not tree (ovfolse) for
all Functions, )

Proef : £ xercise.

Comfui'abu'b,"@ ‘L'L\eov:j stud/es whether Thangs
are compuxtqblt _m_,:ﬂgf_l_e_ on Gan ioleo\b'sd
compuler with (afinte p~esources

To st ud" whal can be conpu‘lreal on realighic
~Ceounrce- L"w\'lt'eol compthP$‘ neﬁJ Cn'n;i‘a-rg yu-;.'oa
oF th Qory = CDMP,Qx:tj 'H'\QN‘J v



(Brief) Tntvroduction 1t Caw\'o(ax.'fj TL\eo,,.y

Co mp [uc:"éj ‘Z’L\Qo»y s  the v\ijoroms
MabS;S of the Com,ou'ba‘i’{om.j reCovrCes
Csche , Time, ... ) vreguired 1 solve a f)roél.aw\ .

Mov\e_ frec)$¢5, it Concerins {—L\Q S'Cal)nj_
O‘F 'tl'\e WRowces as o ﬁnci"l‘ém OF ’tl\e
S)ZC«’ ola tke f)mékm

Ce:wf wtational Problems

P Ll 51 amounl o‘p thformalion
robiewm 2e =

- s'Pec:@ proéluw

E-j :

Fac‘l‘om‘:\j_p ro blew
In'ou'tt w € N
Output : factors of wn

PmL:lams Slze ~ & of o(-;in(S in Ih ~ /tj(n)

SAT
tv\fut.' boolem QY p ressi on uﬁv:j vars ib.‘;,
operntfms AL, NV, =

Out put : gYEg € J volues by € £0,1% s,

ezpv‘ess’:om eva’ua’L'OS‘ .fo 1

A/O 0'('L\91‘1»v; se

Problown size ~ # booleon vemables



O\Qtev\ int’erested (n decc'ﬁmn Pr—ob[emi‘ :
Pmbl@.«mg with é;naj ou't‘fut YES or ND (1 ov 0).

Def (Decision Problowm)
£: ¢o,13* — (o, 1}

?r\fn/t, winlten Nbinwj owépu‘t
as b.’t-str-it\j

(Iw\ (,,fera'(?ure, ofte, seo f@w‘mo’ojj
“Languyge” L = §se€ fo,13" 1 f6) =13
7 DQQ;A;V\} tke /Mjaaje = So,\r}v‘\j O(QO;SIW P/\Qé/em)

C.om'outa‘[:;omol eroU.ow‘g often  hove mnatoural

e7w‘v«lent degsion vemadts

AN

will vmake #ls rgorons  later !
E. NE

':“C'h""""j_ (decision vavryant)
Iw\'ao\'b-' n, k € N
Output: YES if wn has facter <k
A/D ottorwise

E xorcise
Show thal € Jou Con Co(ve 'qutd"h:‘j Jgdg;om
PNL(.W- , JOV\ can also -Phno‘ ﬁc’f’oﬁs.



C.i,rc.u. ut Moo‘ eL

L03 ic ja'te (o :707’7:“)!

Boolesn Trnction on 1o~ 2 bLits:
G: 0,13 — f{0,1) or
G‘i: €O/1;xz""_'> (O/ 13

E\g.

_ 1 x=y =1
ALD Cx'J) - gO oT‘ngise

NoT (x) = {10 "";;

Corewit:

F}wh':e S‘e7uence O‘F ja‘t’es eac,t\ aci;c:\j
on SFQCJG"EJ subset of bLits.

E-g- ( circud dioymw\)t

AVD
—] Nor I

AND

ANd | M

AN

AMD

(Go‘kes AOv\'t [/\ouve, To °”€7 owi’ on "omc:b‘acen‘f“
bits — juwst  eagier 75 drow 1)



Q L(O—m'i‘bvw\ Cownf)ut q'(l,';a-n

Quant jo\'be

uW{'L'“Vy OP%O\"L’OV" e 1 o~ 2 ciukn"bQ
U,: ¢* — «*
U,: c*e@ ¢t — o c?

Egq. 1 5
Ucpor = 00 X00| + |0o1XO1I

I

+ 111><10] + 110 X 11] o o 1
1 0
1 o0

MNote Mli’arii’y = "everg?bibi‘j:
WU =1 3 U hos inverse gate U

(Class}col compu‘bad'zon can alsy be dove hwra‘ééy
— Sfedul case of c{uanZ‘uw\ cow,outocé.‘cm)



Quontum circuwt:
Finmte S‘e7uem.e olo 7ua¢\‘l'u,m ja‘i'es eaol\

aci?r:\j 0 Sf:ed'ﬁ'%' Subsel of 7Ml°i't3

Q'o_u‘l 1> i;‘"cem’outa‘é;na( basis" state, ie.
> = & Ix> , ;> € §1o>, 11>3.

OMtPMt s ou‘bCow‘e of MQQSWQV:?_ 70\5"7}5
tn c:ow’ou'tai‘)onal. loOlsis, (.e.

Nl O Ll thw), Um} on each 70\5"'&.
— actcome pro(oab?lx‘sﬁc |

(Cau\ also oLQ'F.v& {Jroéa!ﬂ)[)g‘/w‘c C[ch't\ca(,
C,oMPui‘a«'[‘l'Ov\ .- bu‘t nol  in TL\)S CMQ!)

E& . <7WtUM c o O{q‘vraw\s .

[0) y A

i — Us i

> — — TN A

|0 1% ~ Za
¥ )

o) y ‘ A

M) 2 R
wemmm‘fs‘ "j‘



Co m'olctiisj Closses

Clﬁ“;ﬁy wmfut'ﬂfl‘MaL PNHGHI a“ﬂf"ﬂ“ﬂj
to compu‘t at lonal rmesour~ces »eqw‘reJ o
solve them, CTJPI‘CQLI‘V time or space ,
we will onfy ;“tudy Cime complexity closses

here.)
Tn T’uv\rv\j Mabk,‘ne

P;ﬂ;g'l:'\ = ¥ of non-blank cells in input

model of campu'i'&{':'en.'

time = ¥ of steps until helt

spoce : = # of different 'L’afe cells
&CLesseJ bj heod o{ur;nj computu-[;,‘ov,

Def. P (pelynomial = time)

Closs of all AQCTTS:B'\ pro blems solvable
I +time thot $¢a,e s
of 7npuf’ sige.

ag Some Pe!ynawu'al

E“Mfuf . J ecision Mrﬂﬂ’ O'F addi Lo ,
Su étfut’iov\, Finelin Q'wenvolues,
primality testing [2000]



v i@nore neame |

D-gi.- N P Cron-deterministic Poiymom?al time)

Closs of odecrsion Prol-lem; Lor which
E, ,no{y-t'.'.me. veLier TM V st
i€ oanfwer For ?nPut L4 1S
YES ¢
J PebnoMiut-sizeJ i w."ﬁness“ w
s.t. v{ X, w) = 1.
NO :
V witnesses w Vix,w) = O,



Think of MNP ag game Let wees
OlU"f’OWQ»"'PVJ, ( but wi‘mstwo-v/"ﬂy) Me,r&'m,
M() 1955‘ Fowe-ﬁﬂ«[ A ~thwme~ Who con omly
—n Fo\lynowvia(, ~— time Cd’M'ou"['a‘f‘a'o-nf-

Arthe~ asks Marlin nestiom .
Marlin ref&'es with answe~ VYES/ALO.
Bul  Arthu doesn't #rust Morlin, sgo
Merlin  alse J?ves Ar-thur o simple
(foiy— e chackable) frOO'F w that Ws

AAS Woy— 1S corvrect.

MNP s clsy of ol problsms  for AT

MO-rLFV\ Cown convance Avrthur— a‘( a

\/ES oanCey~— (ﬂw), owx() CM/\ot fH‘CJQ L\QW)
it o Leliewdn o Wmtj MNO aasue, (V w).

(A/O‘[«'Q ijmwefg betweew YES R NO .
C[OLSS CO-—MP (s v $>mllw, bul‘t' w i+

r—oles of YES & NO Svaf/)eo(,>



Want t generalise these classes o
7vwm't’ n Se‘b'h'-ﬂg. But we have ev\/j
;n'bf'a dubd Cirtn) t Model Q'F ‘]‘UMtMW

wm,uﬁba'bl'ov\-

How ere P, NP defired in elassical
e'rtult  wmodel ?

P:?';”i'"‘-'- #* Mpw"t’ bits
Cime := # gobes la clrewt

Fi~st UW‘MP‘L’ :
D ef, P /F'lj

Dec?;iow\ pNUONS solvo\L[e w iTh foljnown'al'
5/ 2 ed CC«{OLB';:@L) elreunit,

r.e. problem size n
= erent se Opelyln)) .

But this def. doesn't give seme class P
oS bcﬁore,

In Coct, P/P"l('] contalng undecideb fe
Phablﬁwl I

Eacehc:;q,: Shew Ho[‘b’-‘nj C P/pob

R




Isswe s that have T conslruet odifferent
ciremits ©r different ,M\ob/ew; siaes
— conNn Smu@le Ea ww\plf\ cmfu‘fd:ffen in‘tﬂ 'L'Al's.

Need fome k;nd OP MA;FDPMI'@ Coﬂdféion
on Seguence of cireunits of ,‘ncm;i:y S/'ae

CSecond ottt empt !
Det. Uni€orm circuit -Fam,‘b

5equence of cireuibs C, on n bits
13 i Eorm if 4 TM wk;ch, on
Trput A, out puts  description of C.
P Fe{ynoM}aL ti/imme

Det. P
Clags of decision pmélm; solvable with
un;'Form ‘FQMILJ of Pobv\dwﬁal "$;i¢d C'r Cuit S.

E-’C?—V"CUQ: SL\OU A?PA’ of P in TM mocle!
R circwit medel coineide.

D@ffnﬁr NP oma'odow{y MS;V:g tn 1 Yorm 'PGNL[]

of veriGer clrewnits.

Having deslt with This subtlety, can alwost
a{wads FOV‘@Q‘I" about t. T PPMt;CE, eirewEs

we construct anre ;y\v.f‘;gb{y IMMI'FOPW\-

" OV\L_, I‘MFOPvﬁﬂt t‘\ins ﬁbaut TMj 'S t‘!!‘y u;St.‘“



’ N
~ ’quw‘bm P

M gQ P (bowa(ﬂoFeN'O" g . 'oo‘ly —*bu‘w'e)

Decision ,oroblems !

SPOU —ci2ed wuniform 7t4amium crewst A s.t.
Z ‘

> 3 YE S inglance

u ow (2. o h
Pro (Uedtputs 1) Es Vs MO instaence

( Recall
Pr (U outputs “17)
[ TeE®L,., U lxXx|ut]
= <x|uf T 1., Ulx> >

Kw(Oj Ou't’fv\f ;9
given by Ist qubit

'}npu't‘;t) - A&"s;@ rmalnz [ X =)

Mote i Probs. zﬂ; % qrb\"bmf‘j.
Could choose 1-¢€, £
or even £ = 0 ( %’}7("‘)) .

S xerese
Prove class BQP 'S IV\JQPMJQ»‘A.t of
choice of g .




Det. RMA ( Quantimm Merlin — Anth)
Decislon problems .

S| Poy "S‘;Z-ed uniform 7u0~¢\“i'b‘ws Ver;-(-:‘e/‘ C)PC'A.Aj' U

st. if answer on (classical) fn’ou'l' x fs:
YES .
\ \ Polj(”)
| Po!y‘Slsed 7MMTU\W! witness lw>e€ C .t

pWC u O“‘ILPMTS ”1“c-m Fﬂfut )'>L> ‘W)) 7/ —2.3—
No .
/' sTates }w> )

{
Pr—( U ou'lL'Oud'S “1% o ;nfut )5 > \w}) < =

Mote: o:jcdm, f.robs. 2/;, 1/3 ar.é?tmq,

E>cereise

PMVQ tLJS‘ .




Reduc tion

Lets u S Cow\'t)are O{f‘FF-v'Culiy_ of
AitF erent COM/D «totional ,oroé lems

— rz‘yorous\{y f“i‘j f’”é&"‘" B is harder
tl’\“v\ ‘o/‘oélﬂtm A -

\

//" kow-f rea’uc‘é fCM\

Det ( 'Do{y-ﬂfime reductvon )

A Peduces To B if
3 W\af A — B

ins"f'mce —  insTance
a b

c.t. b has ounswen~ YES et
a has ansuwer~ vVES.

&o’ waP A"‘5 B Can ée Cemftai'ea' bj
Fo&—sl‘ze et -

T.e. con <Sohe A bj ‘fr\aw\s*ﬁorm:‘mj
it into B & sol\,q.:\j B .

AN )

Werite "A < B

A€cB ®£ B<sA = A B g7vu‘va/e¢li
—> wte A =R".



Def. WP- hord)

Problowmn B is MP~hard £
V A € VP A < B.

Det. (NMNP- Ccoﬂlol.c‘l‘e)

Problem A is /\/P—cow:f[de i€
A& NP-hord £ Ae NVP.

N P- Cowxp‘d'e Froébwd & Nﬁxw-a&s"[ probbms
(n /V[Dn . s Jou can solve one,

yOq con SO(VQ _q_u A/p IONLZOAAS‘

Define QMA ~hard £ QMA — complete
ama[ojous%.



COWlf)[eiHij ZOO

ReLof:iMSlm’f betwen £, NP, BRP, QMA
IS  an  opan PNLGLM :

P € BQP (classicod = Sfeo.‘a( case &f
<

NP KRMA puomtin)
7
e P = NP infamous ! § 1,000,000
?
. P = BQP ”O\V‘Q 7,4th Compc{f?r‘s USQGI'I?\

«

BGP 2 QMA q et P ovs. NP

9
NP = QMA cnlbileely

General be_L.'eF

QMA ~c7mplste . 1 (Shor)
A ard  factoring! 1510




«.. but could be




